
TO 


i^irua cox sii jraatsa^s i r t i c s r 

3 AXJ AOX^^ r XO TilE < OVI 1 NOK. < i WX I AXi A7Vr> 

cnixj oo}viMissro3sr3LR BAX.xrciTisi visr 

AITI) OLO 

IILSFI CXI 1> 1 VXHri 

IXABXBXTXi. IXAHAXVN^ l^H VIST Iv. IX Mil FXC 

xxiscovx;iiJb-i Cl wAxru wjixxiLr^^s iriB*cKAiuv 



TLHr 


SYMBOLIC METHOD 

AND 

ITS APPLICATION TO ALTERNATING CURRENT CIRCUITS 

BY 


ABDUL GHAFOOR KHAN, BA (Alig) 

B be ( Hououra ) M be ( Tech ) A jSI I E E ( London ) etc 

ELEOII ICAL ENGINFER P W D IMPl KIVL DELHI 

LATE GOVERNMENT OE INDIA (BALUCHISTAN) TECHNIC VL 
SCHOLAR MVNCHESTIR UNIVERSITY COLLEGE OP TECHNO 
LOGY RISIARCFI SCHOLAR SOMl TIME RESEARCH ENGINKIR 
lO THl HIGH TENSION RESEARCH PANEL OF THE INSTITU 
TION or ELKCTRICAT ENGINEERS (LONDON) FORMBRI Y 
WORLED IN THE LANCASHIRE DYNAMO AND MOTOR WORKS 
MANCHESTER IN THE PLANT TRANSFORMER SWITCHGEAR 
AND CONTROLGEAR WORKS AND IN THE COMMERCIAL DE 
PARFMPNT or THE METROPOLITAN VICKERS ELECTRICAL 
COMIANY MANCHESTER SOMETIME WITH MESSRS GWYNNES 
LTD HYDRAULIC ENGINEERS HAMMERSMITH LONDON AND 
THE SOUTH WALES POWER DISTRIBUTION CO CARDIFF 


E^ll rights reserved ’^ 

Printed by the 1 M H Press, Delhi, and published by Mr A G Khan, 
10^ Parliament Stree^, Raisma, Delhi 



The follo'wxng J^oo'ks^ l>y the same azitho'k ^ 
a't e '171 j^Tepavat'hon and, w%ll shoTtly he 
P'ubl^sJted — 

1 Financial and Technical Organisation and 

Management of Electiic Power Generation, 
Distribution and Supply 

2 The Predetermination of the Economics of 

Electrical Power Supply for Industiiil and 
Domestic purposes 

S The Predetermination of the Operating 
Characteristics of long distance Hydro 
Electric Transmission Lines 

4 Long distance Hydro Electiic Transmission 

Lines in rela.tion to Wireless Telegiaphy 

5 The Automatic, Contactor type, Controlgear 

for Industrial Motors 

6 The standardized types of Electric Motor 

and Switchgear , their Commercial and 
Engineering Characteristics and Applica 
tions to Industry 



PREFACE 


In the following pages, I have made an 
attempt to desciibe the Symbolic Method and 
It ipplication to alternating current circuits The 
ittempt has been made, piimnily, for the benefit 
ot the electric il student and the embryo electric il 
Engineei in India who m ly not have suitable 
faci’ities, neai it home, for the study of the 
subject 

The Symbolic Method is now being taught 
in most of the fiist rate TJniveisity grade 
technical institutions of Great Biitain The 
impoitince of the method can be judged from 
the fact that in London, Manchester, and other 
gieat -Industrial centres, a senes of evening lec 
tures on the subject are given annually for the 
benefit of those who can not attend the day 
clisses I strongly hope that Colleges in India, 
teaching Electucal Engmeeiing and Wireless 
1 elegraphy shall also introduce the study of 
the Svmbolic Method The Method enables the 
student to enter mentally into the phenomena 
and behaviour of alternating curient circuits, and 
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-also *issists him in foiming a deal mental pictnio 
of how alternating curients ind volt iges be h ive 
when flowing in ciicaits cont lining Resist ince. 
Induct mce, and Cipicitj 

The applic'ition of the Symbolic Method 
can be carried out in seveial wa^ s, but the 
system I hi\e adopted in the book haa m 
points in its f ivour The chief ad\antige being 
that cuiient and voltage \ ectoi s remain in then 
inaljtical foirn, and the conversion of the one 
to the other is earned out by the opei ition of 
the impedance vector which alone is to be ex 
pressed sj mbolically 

With a view to increase the prictical u‘='C 
fulness of the work, I nave omitted refcionct 
to the historical aspect of the method and dso 
a gieat deal of information relating to the 
theoiy of dteinating cm rent The latter can 
be found in all standard alternating cuirent 
books The first thiee chapters, therefore, ni< 
intended merely to draw the attention of the 
student to the fundamentals of alternating current 
I have worked out in the last chaptei, m full 
detail, several numerical e^camples illusti ^ting the 
application of the bymbohe Method to alternating 
current circuits, and an industrious student should 
have no difficulty in learning the subject at home 
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THE SYMBOLIC METHOD 

AND 

ITS APPLICATION TO ALTERNATING CURRENT CIRCUITS 

chapter I 

riir iLicTRic CUPPERS r 

1 Two Classes of Electric Currents — The 
Electiical Engineer his to deal, m the practical 
ipphcations of Electricity, with two cla‘^ses of 
Electric Currents, namely 

(а) The Diiect (Continuous) Current 

(б) The Alternating Curient 

2 Plow of Current— We know that when 
e\er a diffeience of Potential exists in a closed 
electric circuit, i current of electricity always flows 
from a point of higher to a point of lower 
potential, and the direction of the flow of current 
remains unaltered as long as the direction of 
the flow of potential remains unchanged 

S The Direct Current — The voltage given 
out by a voltaic cell, a battery, or a djnamo 
is such that its respective positive and negative 
polarities do not undergo periodic reveisals*^ If 
such a voltage is applied across a closed 
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electiic cucuit, the cniient \m 11 ho\\ in onf 
(luection only, and such a cunent is I now n is 
^ diiect current Its gi-iph, theiefoxe, would con 
i&t of i sti light line such is that shown in hig 1 
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Giapli o£ Dnec*" Oairenfe at Constant Volts 
and Const nt Resistance 

4 The Alternating Current — The volMgi 
geneiited by in alternating cuu cut gcnci itoi md 
av-iilable at its blip lings not only undii^ots 
a periodic leveisil in polauty, but th it it cb uigcs 
also in value fiom instint to nistint This cl iss 
of voltage IS known as an alternatinq voltigc If 
it lb applied across a simple closed cucuit, it is 
quite evident that the cuiient diivcn by the voltigi 
will not only change itb ducction of flow at fixed 
and constantly recuiring inteiviK, but that it will 
viry m strength fiom instant to instant It can be 
understood best by a study of the graphs of h ig i 
We note fiom the gi iphs, that the alteirnting 
cunent uses from zeio to a maximum mid then 
falls to zero It again changes its value in the 
same way but in the reverse diiection Such a 
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cuiient lb know n as an 
Alternating Cnirent 
It will be defined ns 
one which not only 
changes its dnectionoE 
flow at fixed and cons 
tantlj recurring intei 

\ 

ils , but that it vanes 

i ll so in strength fiom 
nstnnt to instant 



Sin w es 


0 Characteristics of Alternating Currents 
The variation of the alternating cuirent fiom 
an instant when the curient is zero and is to use 
in the positive direction, to the instant when 
it IS again zero ind is to rise again in the 
positive direction, is called i Cycle The number 
of such Cycles per second is termed Frequency 
It IS therefore clear that an alternating current 
follows a cycle of vanition and these cycles have 
a certain frequency per second The characteris 
tic of an alternating current is that it will 
have the same frequency as that of the voltage 
which is driving the current The alternating 
current may be or may not be ‘in phase’ with 
its voltage In Figuie 2 we have taken a case 
wheie the current keeps time with the voltage. 
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L e it IS /eio when the voltige is 7eio nnd it 
IS maximum when the voltii^e is maximum Its 
phise position, relitive to the impiessed voltij^c, 
will depend, as we shall obseive latei, upon 
the jytopertie’t of the Circuit We would also 
observe liter thit if the ciicuit contained only 
puie Ohmic resistance the ilteinatmg curunt 
would be in phase with its voltage , but if it 
cont lined Inductance oi Capaiity the cuiient 
mi^ht not remain in pluse with the voltage 
6 Measurement of Alternating Currents — 
A current of h Icctricity, flowing through i 
ciicuit, is generally known bv its c fleets In i 
circuit carrying dnect cuiicnt, the eflect pioduci d, 
which will be proportional to the square of the 
current, will be the same from instant to instint 
since the current rem iins constant m V due When 
the current is m alternating one, the effect produced 
by it will dso be proportionate to the square of the 
current, with this difference that the effect will vai;y 
fiom instant to instint because the stiength of the 
eurient vines from instant to instant 

It IS therefore evident that the direct and 
the alfei nntuiq curients will be the same, as 
regards their effects, if the mean of the squares 
of the two currents at any instant, during a 
certain period is the same In other words 
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i£ the Nquaie loot o£ the mean of the squares 

( i e the root mean square value briefly termed 

RMS value ) of the diiect current at any 

instant during a certain peiiod is the same as 

the square root of the mean of the squares of 

the alternating cut rent at any instant during a 

complete c}cle of variations 

The strength of the direct cuirent is the 

same at every instant and therefore the root 

of the mean square of the values of direct 

cuiient from instant to instant over a period 

IS the same a^s the value of the current at 

any instant It is the alternating current whose 

root mean square value (RMS value ) is 

not the same as the instantaneous value It is 

deal, theiefore, that in the practical applications 

of alternating cuiient, the numeiical value com 

monly referred to is the RMS value 

7 Numerical Value of an Alternating 

Voltage and Current i 

111 piactice the wave 

form of the voltage of 

an alternating current * 

generator ( commonly 

known as Alternator ) 

is assumed to approxi 

. , Graph oE Sine Wave 

mate to a sme wate ot Voltage 
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£oim as shown m Fi" -> 

It can be expressed, in d> tic ill), b) in 
equation such as 

e = B sm 2>f (1) 

where e is the instantaneous vilue at an) turn 
t and E is the mixiinum value of the \oltiL,e 
sine wave 

If we measure the area of the gr iph of the 
square of the function over i period and dn ide it 
bj. the base line 1, we shill get the incau of 
the squares of the function ovci i jienod and 
the squiie root of it will give us the R INI S 
\alue which would be found to be <(jnil to 
T 

^ 2 — * ^ X L oi 707 X the nnxinuim \ diu 

We get the above value, niatlum itu ill_) , i*' 
follows — 

Area of the graph of the sipuie of the 
function ovei a period T 

=> J* o'" dr — cosSj^O c// 

T ® lyi 2 

0 E J o E coB^ptdt 

= iE“(<)o - i e“ (sm 2 i)Oo 
= i e’t - 4 E* sin Sp T 


( 2 ) 
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Since T I's the time taken by the w ave to pass through 
a complete cjcle, 2 e to pass thiough 2 tt radians, 
sin 2 p'H =5 0 

therefore equation ( 2 ) becomes 
1 E T 

Theiefoie the area = ^ E T 
ind dividing this aiea by the base line T, we 

E 

get -y as the mean o£ the squares of the in 
stantaneous values 

RMS vilue = = 707 E 

= 707 X maximum value of the wave 
It should be noted that in the practical 
application of alternating current, we generally 
lefer to the RMS value and thi= is always 
taken to be 707 x maximum value 

The above i elation could be established in 
a simpler way, not involving the use of Integ 
lal Calculus, which is as follows — 

The alternating current which is expressed 
analytically bj an equation i = 1 sin^^ can be 
represented vector! illy by a rotating vector OP, 
( Eig 4 ), of length I ( the maximum value 
of the current ), revolving at an angular velo 
city of p radians per second The instantaneous 
value 1 , which is equal to I sin pt will be 
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seen from Fig 4, to be equal to PM / f to 
the \-ertical pi ejection of the rotitnig vtctoi 



Vector diflgiom 

The extremity of the vciticil piojiction of 
the rotating vector moves %Mth a ‘'iinpk hai 
monic motion between the values zero j nd the 
maximum value I And the exticnnty of the 
horizontal projection of the lotating v<(toi also 
moves with a simple hai monic motion betwein 
the values zero and I And the mtaii of the 
squares of the vertictd projections of the rotvt 
ing vector OP = the mean of the squaies of its 
horizontal projections 

The vertical projection of the rotating 
vector I is I sin pi and the horizontal pro 
jection of I is I cos pi 

Therefore mean value of I* sm* pt 
* mean value of I* cos* pi 
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= ^ { mean \alue of 1 sin 2 ^^ + mean value 
of 1 cos pt ) 

— — I X me in \ alue of (sin ^)^ + cos“ ^ 1 

bince sin pif + cos pt = I 

mem value of the qu ties of the instintaneons 
\alues of the curient = J 1 where I is the 
imximum value 

square root of the mem value of the 
squiies of the instmtaneous values of the current, 

? e the R M b vtlue == /■= = 707 x I 

V 2 

It should be cleiil> understood that when 
we lefer to the strength of the alteinatinjf voltige 
or current, we ieall;y metn the effectue value, 
1 e the R M & \ due of the voltage or curient 
From the foiegoing we derive the following 
meanings of the of an dteinatmg cuirent 

(a) The strength of m alternitmg cuirent 
is ledlj the 1 not mem squire (? e 
R M fe ) value of the dteinating 
curient 

(d) In ordei that in iltciinting cuirent 
may develop the same powei as a 
direct cuirent of siy C amperes, 
the stiength of the alteinating 
current, z e the Root mean square 
value of the alternating current. 
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must ilso be C impeie^, iii which 
( ise the iniMmiun vihu of tlu 

C 

ilttnutniijr ciiuent will he -=77^ 
^ 707 

nnpere«? 

(() In order th-^t m cm nut 

iniy develop the same power as i 
diiect cuiient, the nu in \jdue ot 
the •scpnies of the instant ineous 
viliies of the iltennting cmient 
must t(|Uil the sepme of the sticrif^th 
of the direct cunent, ; / * ol 

the squue of the nuMiniun \ due 
ot the dteinitinj^ cuinnt musteqad 
the sipnrt ot tht diuct cunent 



CHAPTER II 


PHlblCAT C0J.CL1TI0N OF THE PrOlLRlIES 
or LLECTRIC CIRCtirb 

8 The Three Properties -E\eiy Electric 
Ciicuit posse«?ses *^01116 oi ill of the following 
three piopeities — 

1 Ohmic Resistance 

2 Inductince 

3 Cnpicily 

9 Ohmic Resistance —All electric conduct 
ors offei a ceitiin. amount of resistance to the 
flow of electricity It is due to some sort of 
molecular ftiction in the conductoi itself and its 
magnitude is determined by the cross section, 
length of the conductor and the mateiial of 
which it IS made and also the temperature of 
the material In direct current circuits, the oh 
mic resistance alone* is the determining factor 
m the strength of the cuiient , but in alternat 
mg cuirent circuits, the ohmic resistance ceases 
to be the only determining factor on account of 
pait played by inductance and capacity 

* It must be rememleel til'll iiidnctance does ma 
nifests Itself ii circuits 0 frying duect carient, but only at 
moments of make and bieak 
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10 Inductance — llu second piopcity Mliifh 
-in electnc ciicait tnj) possess, but which 
iiiinitcsts it&elt on]}, when tlie ciicuit is ouiMiijf 
ilteinitin^ cmient, is. known is “Induct nice ” It 
cm be defined is tint piopeity ot tin ciHint 
which opposes nj ihan<)e in the flow ot tlc< 
tiic cuirent It is due to the inifriutK tu Id 
which becomes issocntcd with the condmtoi 
when it IS ciu}!!)^^ i cuiient Itb \ iliu, thcic 
fore, IS determim d b) the sh ipe ol tin condudoi, 
md the natuie ot its immediitc suiioundiiij^s, 
i e presence of non, etc Ab wc sh dl <)bsti\( 
litei, inductance of the ciicuit btcoims om oi 
the determining fictois of the value of eunent 
flowing in the ciicuit when the ipplied voUigi 
1 aliei natinq 

In ail electric eiicuit eii lying i direct eui 
rent no change of flux, issociattd with tht 
conductor, takes place so long as the ciuHiit 
strength lemiins oonstsnt uid thciefore no buk 
e ra t of induction is generated in the tncuit 
It IS only at the moments of switching on and 
off of the direct cuirent that i change takes 
place in the flux and the conductor become s 
the seat of the induced e m f When the 
direct current is switched on, the induced e m f 
has such a duection that it opposes the applied 



PliOPBRTILS OP J-LECTKIC CirCUirS 


13 


^olNge *ind therefore retards the growth of the 
cuirent strength At the moment of switching off 
the current, the vanishing field induces an e m £ 
in a duection that it helps the applied voltage 
and thus tends to m uiitain the curient in the 
circuit So thi phenomenon becomes apparent 
111 the case of diiect cuirent during the moments 
of switching on and off only^ 

W hen the electiic cucuit is carrying an al 
ternating cuirent, the magnetic flu'^ linked round 
the circuit will also be alternating and this 
vaiying flax will induce an alt^^rnating e m f 
which will tend to oppose any change in the 
flow of cuirent It is the consequence of the 
electromagnetic properties «f an electric circuit 
that we observe the phenomenon that a circuit 
carrying alternating curient shows a tendency 
to oppose any change in the flow of the cur 
rent This phenomenon, which is an inherent 
property of an electric cucuit and which express 
es its presence seriously, only when the circuit 
IS carrying an alternating current, is known 
under the name of “Inductince” In all prac 
tical applications of alternating cuirents the 
“Inductance” property of the circuit plays such 
an important part that it is essential that the 
student should form a clear mental picture of 
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the nature and character o£ this propeity 

11 Meclianioal Analogy to illustrate In 
duotance— We may borrow a mechanic^ am 
logy to fuither illustrate this piopeitj We 
know that all bodies show a tendency to oppose 
a change either from a state of rest to that 
of motion or tice ve'> <fa The tendency of 
stationary body to oppose being put into 
motion IS attiibutable to its “Inertu”, and 
the tendency of a moving body to oppose 
being Stopped is due to its “ Momentum ” We 
experience very similar phenomenon in the case 
of an electiic ciicuit When a ciicuit is cury 
mg a current, it shows a tendency to oppose 
any change in the strength of the current 
This property of the circuit is called “ Induct 
ance ” and just as Inertia or Momentum opposes 
any change in the motion of a body, so also 
the “ Inductance ” of an electric circuit opposes any 
change in the flow of the current through it 

12 Capacity — In addition to resistance 
and inductance, an electiic cncuit may also 
possess a third property known as “ Capacity ” 
It may be due to the piesence of Plate con 
denser effect or it maj exist as an electro static 
capacity between the conductor of a cable and 
another conductor or earth 
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“Capacity” can be defined as that property o£ 
an electric circuit which has a > t l t i effect 
on the flow o£ the current It is due to the fact 
that when it is piesent in an A C circuit, some 
current given by the source o£ supply will be 
employed for charging the condenser and that it 
will receive the charging cuirent at each reversal 
o£ the voltage lemerabering that the quantity of 
the electiicity stored by the condenser is given back 
to the circuit during the period when the voltage 
IS low It IS quite evident that the cuirent charging 
the condenser will raise its potential and when the 
applied voltage is low, the condenser will find 
Its potential higher and theiefore it will send 
back the current to the ciicuit 

The capacity plays an important pait in A C 
circuits and the electiical engmeei should be able 
to form a cleat mental picture o£ the nituie and 
characteristics of this propeity of an alternating 
current circuit We can best explain it by ill 
ustrating a mechanical analogy Imagine there are two 


tanks A and B connect 
ed together by means 
o£ a tube MP as shown 
in Fig 5 The portions 
MN and OP of the 


TANK 

A 


TANK 

B 





M 


FIB a 


Meoliauicnl Analogy illustiating Capacity 
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tube are m‘u3e o£ cast iron, while the portion 
xnTO is made of an elastic lubber Further 
imagine that the water is being pumped alter 
nately forward and backwaid between the 
tanks Now, if the connecting tube is entire 
ly made of metal, the tube will offer only 
resistance to the flow of watei, but it will 
in no way modify the flow But if we -sub 
stitue the portion NO of the metal tube bj 
an elastic rubber, we can easily see that the 
rubber w ill be undergoing periodic expansions 
and con ti actions This is due to the fact that 

when the piessure of water is incieising in the 
tube, part of water having pressure behind, 
will stretch the tube and it will continue 
stretching, taking more and more watei all the 
time until its elasticity counterbalances the 
pressure of the water near the tube As soon 
as the pressure of water begins to decrease, the 
stretched tube will give back the water held in 
the stretched portions of the tube It is evident, 
therefore, that if the variations in the pressure 
of water, flowing through the connecting 
tube, IS periodic there will be a pei iodic flow 
of water in and out of the elastic tube An 
exactly similar phenomenon takes place in an 
alternating current circuit possessing “ Capacity ” 
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13 Hydraulic Analogy to illustrate 
Capacity — The following compaiision may further 
illustiate the effect of ‘Capacity” in alternating 
current circuits 


No Hjdiaulic 


1 The connecting tube 
made of iron and 
elastic rubber 

2 When the water pres 
sure inci eases, part of 
■water, having pres 
sure behind, flows 
into the stretching 
rubber until its elasti 
city balances the ap 
plied pressure 


3 When the pressure 
of water in the pipe 


No Electric 


1 The cucuit possessing 
ohmic resistance and 
cap icity 

2 When the alternating 
voltage increases and 
the condenser begins 
to be charged, part 
of the current sup 
plied by the al 
ternator is stored, in 
a sense in the con 
denser until the 
e m f developed 
in the condenser, 
known as the conden 
ser e m f , balances 
the applied voltage 

3 When the applied 
voltage begins to 
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begins to deer 6*1 
the elasticity oE i ub 
ber pumps back part 
of the water into 
the pipe 

4 If the pressuie of 
water remains con 
stant, the presence 
of the elastic rubber 
does not interfere 
with the flow of 
water through the 
pipe , but should the 
pressuie of water 
vary and vary pen 
odically, the water 
would flow periodic 
ally m and out of 
the stretched i ubber 
tube 


5 Owing to the pre 
sence of elastic rub 
ber, there will he an 


decrease, the e m f 
developed in the 
condenser sends back 
part of the curient 
into the circuit 

4 If the applied voltage 
lemains constant as 
would be the case in 
direct current circuit, 
the condenser pro 
pel ty of the circuit 
will not intei fere with 
the flow of normal 
current, but should 
the voltage be al 
ternating, there would 
be a charging current 
at each reversal, and 
the charge periodi 
cally ibsorbed would 
be given back during 
pel lods of low applied 
voltage 

5 Owing to the pre 

sence of capacity in 
an alternating current 
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initial rush oE water ] 
into the stretched 
tube in advance oE 
the normal flow of 
water through the 
pipe 

6 It IS therefore clear 
that the presence of 
elastic rubber in the 
pipe comphcates the 
flow of water through 
the pipe, in other 
i^ords it has a mod% 
fy'ing influence on 
the flow of water in 
the pipe 


circuit, there will be 
an initial rush of 
current at each re 
versal of voltage in 
addition to and in 
advance of the normal 
current of the circuit 
6 It IS therefore clear 
that the presence of 
condenser pi operty in 
an alternating current 
circuit complicates the 
normal flow of cur 
rent in the circuit, 
in other words it 
has a modifying in 
fluence on the flow of 
current in the circuit 


CHAPTER III 


I HASE REH ATIONtoHIP BETWI EN AI TERNATINQ 
VOLTAGrE AHD GUI R1 NT 


1 4 The Components of A.iternating: Voltage 
We had observed in Chapter I that the curient 
set up in a ciicuit is constant lE the impressed 
voltage IS constant assuming that other factors 
do not vary, and the cuirent is alternating 
if the impiessed voltage is alternating In 
Fig 2, the alternating curient flowing in a cii 
cult IS shown to be in phase with the impressed 
voltage, but this condition is fulfilled only when 
the circuit posses^^es no other pioperty except 
that of ohraic lesistance Should the circuit pos 
sess either inductance or capacity or both of 
these in addition to ohmic resistance, the altei 
nating curient flowing through such a circuit 
might not remain in phase with the impressed 
voltage In a circuit containing ohmic resistance, 
inductance, and capacity, all connected in series, the 
impressed alternating voltage will be the resultant of 
voltages across resistance, inductance, and capacity 
We shall now study the phase relationship between 
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the impressed voltage and the current, and 
also the phase relationship o£ the components o£ 
the impressed voltage with respect to their 
resultant and the current Suppose that an 
alternating current is flowing through a circuit 
containing resistance, inductance, and capacity 

joined in series such as 

that shown in Fig 6 

Let the current he repre 
sented by curve No I 
o£ Fig 7 It 18 evident 
that the impressed voltage 
driving this current will have three components, 
namely — 

( 1 ) Ohmic Re-^istance component 

( 11 ) Inductance component 

(ill) Capacity component 

1 5 Ohmic Resistance Component of the 
Impressed Voltage — A component o£ the im 
pressed voltage will be needed to supply a 
voltage drop across the ohmic resistance And 
this drop at any instant will be equal to 
the current at that instant multiphed by the 
ohmic resistance The resistance voltage compo 
nent o£ the impressed voltage will, obviously, be 
in phase with the current flowing through the 
circuit and there£ore will be represented, for 
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phase reUtionship, by curve No II of Fig 7 






\o o/ 


\o / 

s 


\o O / 

\ o / 


FIG 7 


Craph'^ of 0 ir nt ri 1 ( c iiipoiients of Irnj lessetl Voltage 
I mmtmm Clltieit 

If Resistance Oouipcnei t t I i piessed V< It ge 

III e nt f unlace 1 due to Inductance 

TV —0 — 0 In luctt nee Oompo ent of n){ essed Voltage 

V — — — — e Tu f levelojel in 0 nden er 

VI — X — X —tap city ocinpouent of Inipiessed Voltage 


16 Inductance Component of the Im 
pressed Voltage — We know that when a 
circuit IS carrying an alternating current, the 
magnetic flux associated with the circuit will 
also be alternating and the varying flux will 
induce an alternating e m £ known as induct 
ance e ra f This inductance e m £ is in 
such a direction that it opposes the change in 
current A glance at the current curve No I, 
Fig 7, will show that the maximum variation 





PHASE KELATIONSHIP 


23 


in the rate o£ change of current takes place 
at points A, C and E, viz when the current 
IS zero, and theiefore at such points the 
change in flux is gieatest with the result that 
the e m f induced, due to inductance, is 
maximum It will also be observed that the 
change of current is minimum at points B and D, 
VIZ when the current is maximum So the 
variation in the strength of magnetic flux, due 
to the current, will be minimum at points B 
and D and therefore the inductance e m f will 
be minimum It is therefore clear that the 
inductance e m f is of maximum value when 
the current is zero, and it is zero when the 
current is maximum We may now proceed to 
investigate the phase position of the inductance 
e m £ curve relative to the current curve 
Since the e m f induced, due to inductance, 
IS always in such a direction that it opposes the 
change in current, the inductance e m £ will be 
maximum and negative when the current is zero 
and IS beginning to increase in the positive 
direction The inductance e m f will be maximum 
and positive when the current is zero and is 
going to increase in the negative diiection It 
should also be noted that when the current is 
positive and decreasing, the inductance e m f will 
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■^Iso be positive since it musit be pofeiti\e to be 
able to oppo'se the decrease in the current 
Snrnlarly when the cuiient is nesjative and 
decreasing the inductance e m £ must be negative 
W hen the current is positive and increasing, 
the inductance e m f will be negative, and when 
the current is negative and increasing, the 
inductance e m £ will be positive There£ore i£ 
we construct the inductance e m £ curve to 
satis£y the above conditions, we find it will 
be repressed by curve No III ( Fig 7 ), and 
that it lags 90 behind the current The im 
pressed voltage will hive to provide a component 
to overcome this inductance e m £ This com 
ponent will be opposed to the inductance e m £ 
and as such will have to be 90 in advance 
o£ the current The inductance component o£ 
the impressed voltage, there£ore, will be repre 
sented by curve IV' ( Fig 7 ) The difference 
between the inductance e m £ and the in 
ductance component o£ the impressed voltage 
should be noted The £ormer is the e m £ 
induced m the circuit due to inductance and the 
latter is that component o£ the impressed voltage 
which overcomes the former and is therefore called 
the inductance component of the impressed voltage 
We see, therefore, that the current lags 90 
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behind the inductance component o£ the impressed 
\ oltage 

17 Capacity Conaponent of the Impress 
ed Voltage — A condensei piesent in an liter 
nating current circuit, either in the form of i 
plate condensei or as an electro static capacity 
between the conductoi and anothei conductor or 
eaith, becomes the seat of an e m f known as 
the condenser e ra £ The e m f developed 
in the condenser is due to the charging current 
and this e m £ is proportional to the quantity 
of electricity stored 

The investigation of the phase of the 
capacity component of the impiessed voltage 
becomes easier if we remember the following three 
pnnciples — 

(t ) — That the condenser e m f , ? e , the 
e m £ developed in the condenser, due to the 
charging current, is proportional to the quantity 
of electricity stored 

(22)— 'When the current is positive, the e m f 
that IS being developed in the condensei will 
have a polarity such that when the current 
changes from positive to negative, the condenser 
will supply back the current in the direction 
opposite to the direction in which the current 
was flowing when the condenser e m f was 
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being developed That is to say, the condenser 
e m f may be regaided as negitive when the 
charging cuirent is positive and vice versa 

(^l^) — Since the condensei e m f is piopor 
tional to the quantit;^ of electiicity stored, this 
e m f will use to a miximum value when 
the maximum quantity of electricity has been 
stored, % e when the cm lent is changing from 
positive to negative oi negative to positive 

By applying the vbove pimciples it becomes 
deal that when the cuirent is changing from 

positive to negative as at point C, the condenser 
e m f IS maximum and negative, and when 

the cuirent is dunging fiom negative to positive 
as at E, the condenser e m f will again be 
maximum but positive The cuive V (Fig 7), 
shows the phase of the condenser e m f 

It is 90 m advance of the curient To over 

come this e m f the impiessed voltage will 
have to provide a component, known as capacity 
component, equal and oppo ed to the condenser 
e m f This component will be represented by 
curve No VI ( Fig 7 ) The cuirent is there 
fore leading the cipacity component of the 
impiessed voltage by 90 

18 Impressed Voltage —The resultant of 
the components discussed above will be the 
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impre'=ised voltage The thiee components of the 
impressed voltage are — 

(1) Eesistance component m phase 

with the current (Curve II ) 

(2) Inductance component 90 m 

advance of the current ( Curve 
IV) 

(S) Capacity component 90 behind 
the current (Curve VI ) 

If these three curves representing the three 
components are combined, it will be found that 
the impiessed voltage will have one of the 
following phase positions relative to the current — 
(rt) In phase with the current This 
will be the case when the induct 
ance component and the capacity com 
ponent are equal m magnitude 
and therefore the two, being m 
opposition in regard to phase, will 
neutralise each other 

{h) In advance of the current This will 
happen when the inductance com 
ponent is bigger in magnitude than 
the capacity component, and the 
addition of the two will be a curve 
which 18 90 m advance of the 
current The combination of this 
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cui\e, and the ohmic resistance 
component cur\e will give the le 
sultant impressed voltsge that will 
he in advance of the cm rent 
(c) I agging behind the current This 
will happen when the capacity com 
ponent is bigger than the inductance 
component The addition of the two 
will be a cuive which is 90 lagging 
behind the cm rent The combination 
of this cuive with the resistance com 
ponent will give the resultant im 
pressed voltage that will be lagging 
behind the curient 

It will be a \ery good piactice if the stu 
dent will draw the current curve and the thiee 
(omponents of the impressed voltage, and in 
vestigate fot himself the phase position of the 
impies^ed voltage relative to the current and 
the voltage components Such m independent 
investigation will enable him to form a clear 
mental picture of what is actually happening in 
a ciicuit in which alternating current is flowing 
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INTRODUCTION TO THE SYMBOLIC METHOD 

19 Determination of Magnitude and Phase 
Angles of Alternating Currents and Voltages 
belonging to a Circuit — It has been «ihown m 
the foregoing chapters, that the property of a 
direct current circuit, that is of any impoitance, 
IS its ohmic resistance But in an alternating 
current circuit the other two properties, namely 
inductance and capacity, also become determin 
ing factors of the strength of the current and 
its phase position with respect to the impressed 
voltage We had observed in the preceding chap 
ter, how the piesence of inductance and capa 
city introduces more than one component in the 
impressed voltage and complicates the relative 
phase positions of currents and voltages belong 
mg to the circuit To 
illustrate it better, let 
us take an example of 
an alternating current 
circuit possessing oh 
mic resistance, induct 
ance, and capacity in a 
manner such as that 
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shown in Fiof 8 and that a sine wave voltige, 
expressible by the equation e = E sin is 

impressed across PK The main circuit in this 
else consists o£ two bianch circuits PM and 
MJT connected in senes Hie circuit PM has 
tvio paths in parallel, one cont<uning resistance 
and inductance md the other resistance and 
cipacity I£ the phase relations existing between 
branch cuiients, main current, voltages across 
PM and MN and the itnpiessed voltage across 
PN are determined, it will be £ound that 

(a) the impressed voltage, i e the voltige 
across PN has two components, one 
across PM and the other across MFT 


The two components may be o£ differ 
ent magnitudes and will have certain 
phase relationship with each other and 
each may have a different phase rela 
tion ith the impressed voltage 

rrti ^ 

(b) The mam current tv ill bear eertam phase 
relation with the impressed voltage 
(e) The mam cuirent will have two compo 
nents representing the currents in two 
branch circuits o£ PM, different in 
magnitude and in phase relation with 
the resultant current, t e the mam 
current 
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It 18 evident from the above illustration, 
that the more complicated, in the manner m 
I'vhich the circuit is composed as regards resist 
ance, inductance, and capacity, is the alterna 
ting current circuit, the more difficult becomes 
the study and determination of the mutual phase 
relations and magnitudes of currents and voltages 
entering into the problem Hence arises the 
need of a method that could, without very 
lengthy calculations and without complicated gra 
phical constructions, be used foi determining the 
exact magnitudes and phase relations of currents 
and voltages belonging to an alternating current 
circuit The method should also have the 
advantage of presenting, at eveiy step, a clear 
mental picture of the phase positions of currents 
and voltages 

1 he ti^ o well known methods commonly 
employed are 

(a) The Analytical Method, and 

(b) The Graphical Method 

20 The Analytical Method — The Analy 
tical method is generally used when exact 
calculations of the magnitudes and phase relations 
of currents and voltages are necessary, because these 
aie determined tngnometrically The method 
suffers from two disadvantages, namely, that it 
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does not provide at erch step i clear inentrl 
picture o£ the various phase relations, and the 
mathematics involved in the calculation is, some 
times, very lengthy 

21 The Graphical Method — This method 
invohes the use of Polar Co ordinates It has 
the advantage that it presents a clear inentil 
picture of the phase relations of curients and 
voltages entering into the problem but it sufEers 
from the drawback that it is not suited in cases 
where exict vilues of the magnitudes and 
phase angles of cm rents and voltages are required 
and the graphical constructions involved aie 
generally tedious 

22 The Symbolic Method —There is a 
third method not so well known as the other two 
methods It combines m it the exactness of the 
Analytical Method and the clearness of the Graphical 
Method It enables the student to determine the 
exact values of currents voltages, and phase an 
gles without j ffidii% . ing «i lengthy mathematics, 
and also permits him to form a clear mental picture, 
without tedious graphical constructions, of the phase 
relationships between currents and voltages 
entering into a problem 



CHAPTER V 

THE STlMBOLIC method 

23 Standard Practice in Graphical Con 
strnctions —The alternating current -work involves 
certain graphical constructions in cases where it 
IS necessary to represent graphically the magnitude 
and phase position o£ currents and voltages 
Since the graphical representation can be made 
in several ways, it is strongly recommended to 
make it, for the purpose of clearness and uni 
forrnity, a standard practice to observe strictly 
the following rules — 

1 That the positive horizontal direction, as 
denoted by the line OX, Fig 9, represents the 



Vector Diagram 
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Vector of Bffetence foi measmement o£ phase 
<nsles o£ all vectois For in.'stance a vector 
having a ph ise angle equil to zeio will he iii the 
diieetion OX 

2 All angles will be measmed fioin OX, 
positive ingles in countei clockwise diiection and 
negritive angles in clockwise direction For in 
stince a vector having i phase angle & will 
be shown on i diagi am by a line such is 
OP, Fig 9, and a vector having a pha e 
angle — O \’\ill be repiesented by i line such 
as OP^ 


3 That a rotating \ectoi, representing eithci 
cm lent or voltage o£ an alterniting cuirent 
uicuit, will move in the positive direction and 
theiefore it will revolie counter clockwise 

24 Study of the Symbolic Method — 


We may now proceed with 
the study of the Sj-mbolic 
Method We know thit 
an alternating cuiient or 
voltage sine ivave o£ a 
definite frequency cm be 
represented graphically, 
in magnitude as well as 
in phase, by a vector such 
as OP, Fig 10 




THE SYMBOLIC METHOD 


3o 


It can be denoted anal^ticilly lE Me know 
the two quantities namely its maximum \alue 
R and Its phise angle & with respect to our 
St indard Vector of Reference The anilytical 
expression would be i = I sin + O') in the 

else o£ current sme wave and e — E sin {pt + Q) 
111 the cise of voltage sine Mave where I or E 
stands for R 

If we represent the vector OP by rectangular 
CO ordinates x and y, we can easily determine 
the magnitude R of the vector and its phase 
angle Q, as 0PM being a right angled triangle, 

R ® V” j ® and 0 “ tan ^ — - 

The vector OP, which may represent alter 
nating cut rent or vlternating voltage or impedance, 
can be denoted both in magnitude and in phase 
angle by the following various ways — 

(а) By showing the magnitude and position 

of the vector on a vector diagram 

(б) By representing the vector in polar 

CO ordinates, z e hy denoting that 
Its magnitude is R and its phase 
angle is 0 

(c) By representing the vector in rectangular 
CO ordinates, z e , hy denoting that its 
horizontal component is X and its 
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vertical component is Y These two 
components will suffice to represent the 
vector both in magnitude and phase 
position, because R would be 

= -si^+ y * and Q =s tan ^ 

X 

In addition to the above ways, we cm use 
another way, vjz , i£ we denote a vector OP 
simply by a complex qumtity such as x +j y 
where ; is merely a symbolic index employed 
to distinguish the component y from the com 
ponent x It signifies that y, which is accom 
panied by the distinguishing index, is the vertical 
component, and x, not so accompanied, is the 
horizontal component and that x and y are to 
be added geometrically It should be observed 

that this IS really the same method as indicated 
under (c) above with the difference that whereas 
under (c) we have to write the statement that 
the vector OP, whose magnitude and phase 
position it IS desired to ascertain, is represented 
by vertical component y and by horizontal 

component = x, under the symbolic method we 
simply write down that the aector OP is repre 
sented by x +yy 

t2> 

X + jy conveys ^us clearly every thing that is 
indicated in the above lengthy statement and at 
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the same time permits itself to be employed in 
calculation work 

It 18 emphasised that when a student comes 
across such a complex quantity he must interpret it 
quickly as meaning that it represents a certain 
vector, both in magnitude and m phase position, 
because the magnitude = V x® + y® and phase angle 

y 

IS equal to O ~ tan — 

In other words, whenever alternating current, 
voltage, or impedance vector is denoted by an 
imaginary complex quantity such as x +yy, 
the student should at once take it as meaning 
that 

(t) the vector is represented by rectan 
gular CO ordinates, x is the horizontal 
component and y (as it is ac 
compamed by the symbol y ) is 
the vertical component and 
(^^) the magnitude of the vector can be 
represented by the geometrical ad 
ditions of the values x and y 
( since X and y are at right angles 
to each other ) 

Therefore R = v^x® + y® audits phase angle = 0, 

y 

where 0 =« tan — 

X 
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It should be noted that some Electiical 
Engineers, in the application o£ the method, use 
some other symbolic letter instead of the 
more commonly used is the letter % It is strongh 
recommended th it the letter t should not be 
used as it introduces little confusion for i is 
also emploved to represent the instant ineous 
value of an alternating current It will be seen 
later that a symbolic expression such as x +yy 
representing say impedance of an alterniting 
current circuit can be employed as an operator 
for the determination of the ex.jct \alues of the 
magnitude and phase ingle of curients and 
voltages entering into a problem At the same 
time It affords us, without the need of giaphical 
construction, a clear mental picture of how cui rents 
and voltages belonging to the circuit stand in 
regard to phase position 
Lety = 0^, Fig 11, 
represent a \ector in 
the horizontal direc 
tion 

Then yy, represent - 
ed by Oil, will repre 
sent a vector of 
magnitude = y but 
turned through + 90 neu 
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The di&tinguishmg index j denotes simply 
the operation o£ turning the vector through 90 
in the positive direction, % e in counter clock 
wise d rection measuring the angle from OX 
which IS tiken as the stand ird direction of 
leference If the vector ON, which is symbol 
ically expressed by ^y, is turned through 
anothei 90 to the position of OMj, it will 
then be denoted by ; y where really means 
thxtyhas been turned J x 90 i e thiough+180 
If we turn the vectoi OMj, which is represented 
symbolically by ; y, through an angle 90 
to the position of ONi, it will then be denoted 
by j ®y, meaning that y has been turned 

through an angle 3 x 90 t e through + 270 
If we repeat the same operation and further 

turn ONi through 90 to the position OM, 
It will be denoted by ;^y meaning that y is 

to be turned through 4 x 90 t e through 
+ 360 

Referring to Fig 11, if OM = + y, then 
OMi — — y? but we ha shown that while OM 
IS repiesented bj either y or ;*y, OMj is 

represented by ') y 

It IS clear therefore that ^ ^ — 1 ^hnd ^ * = + 1 

giving j = - 1 

Again ON was represented by ;y and ONi by 



40 


THE SYMBOLIC MI THOD 


y or — jy j therefore e have f — J or 
— 1 or ^ — 1 

It IS to be noted that although we had 
adopted the letter ^ as a mere distinguishing 
index, indicating that when it accompanies any 
real quantity it simply denotes that the quantity 
has been turned through +90 ( measuring the 

angle from our standard direction of reference ), 
It can also be made, as we have observed above, 
to stand for V __ i 

It has been stated above that x + ;y, 
representing a vector, denotes that itis horizontal 
component is + x and its vertical component 
IS + y, and therefore the magnitude of the 
vector will be x® + y its phase angle = Q 

y 

where Q — tan — 

Similarly a vector expressible by say 

— ■K—jj will have its magnitude 

and its phase angle 0 
where 0 = tan = tan -i 

— X X 

This vector has its horizontal component 
equal to — x a e in the direction OMi and its 
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verticil component equal to — y i c in the 
duecLion ONi (Fig 12) 



It should be observed that vectors x + ^ y 
-ind — X — 7 y are equil m magnitude but 
differ in phase position by an angle =180 

The former has a phase angle = tan~^ — with 

respect to the vector of reference OX and 

the latter has a phase angle = tan~^ -X -f 180 

with respect to the vector of reference The 
reason being that the vector — x — ?y has its 
components — x and — y and therefore it lies 
in the third quadrant The student should 
therefore be caieful in interpreting the meaning 
of + and — signs For instance, we have shown on 
the last page that the phase angles of both 
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vectors ^ + jy and — x — ^ j- are equal to tan 


In the first case the angle is measured fiom OX 


in the second case the angle 


IS tan + 1 80 , 

X 


since the vector lies in the third quadiant 

Again, a vector represented by x — ?y will 
have its magnitude®*'/ x + ( — y)"^ * ^ ~ /x H-y^ 

and its phase angle *=• tan ZX. « — tan — The 

jSi X. 

vector therefore lies in the fouith quadrant because 
X IS positive and y is negative The vectoi 
— x+;y will have Its magnitude _x) +(+y) 

2 e =s / X® + y* and its phase angle = tan — - 


- -- tan~^ -2- 

X 

It should be carefully noted that the vector 

— X +jy lies in the second quadrant and although 

the angle is — tan £ , 


it IS really — tan~^ — 180 

The student should make himself pei 
fectly clear as to how x + jy, — x — ;y, 

X — ^y and — x + yy represent vectors ^ame 



THr SYMBOLIC METHOD 


43 


in magnitude but differing in phase positions with 
respect to the vector of reference OX as shown 
in Fig 12 

25 To Multiply a vector by ; —It has 
been shown in the foregoing discussion that 
multiplying a vectoi by the symbolic index 3 
means that the magnitude of the vector is to 
be increased in the ratio of 1 I ind that the 
vector IS to be turned through an angle of +90 

26 To Multiply a vector by—j — Similarly 
a vector when multiplied by — ; has its magni 
tude increased in the ratio of 1 1 and has 
itself turned through an angle of — 90 

27 To Multiply a Vector R by a Vector 
x+^y — If we multiply R by x + ;yj we get 
a new vector denoted by 

R X ( X +jy ) 

or Rx+;Ry (1) 

Now Rx + jRy represents a vector whose 
magnitude is equal to Ri, where Ri == x® + R^ y® 
= R + y® whose phase angle = where 

Ot, = tan~^ — = tan"^ — 

Bx X 

The new vector is therefore of magnitude 
R ^x®+y“ and is at an angle Gi^tan”^ — from 
the normal position of R 
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Hence, multiplying a vectoi R by x t ;y 
means that the magnitude o£ the vectoi R is to 
be increa«!ed in the ratio I x -i- y® end 

that the vector is to be turned through an angle 

+ tan“^ 

X 

28 To Multiply a vector R by a vector 
X— jy — 1 £ we multiply R by x - ?y, we get a new 
vector represented by 

R X (x - ;y) 

or Rx “ ylly 2 

Now Rx — ;Ry repre'^ents a vector whose 
magnitude is equal to R^, where 
1^1 “ R'*x^'+ ( “ Ry)® 

= R V X* + y^ 

and whose phase angle = 0i, where 

0 i “ tan""^ — t. _ tan _Z. The new \ ector 

xvX X 

18 therefore of magnitude R V x® 4. yS and is 
at an angle 0 i = — tan _X from the original 
position of R 

Hence, multiplying a vectoi R by x - jy 
means that th^ magnitude of R is to be inci eased 
m the ratio 1 x® -r y® and that the vector 

IS to be turned thiough an angle * — tan“’^ Z. 
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29 To divide a vector R by a vector x+jy 

When a vector say R is divided by a vector 
x+^y the new vector is represented by 


R 


X + 7y 

R ( X— 7y ) R x — jRy 

(x +^y ) (X -_7y ) “ x®-j®y® 

Rx — yRy 

“ " X® + j 
_ Rx Rv 

X® y ® ^ X® "y ® 

The new vector will therefore be denoted by 
- •? x” + 

The magnitude of the new vector therefore 


will be Ri, 

where Ri ®= V 


R 


(x® + y®f ^ Cx® + y®)® 


^ jR®(x® + y®) 

(x® + y®)®' 

y' ^2 + y2 

and the phase angle of the new vector will be 

_ Ry 

2 2 

where 0i= tan ^ = tan~^ 

Rx Kx 

Hh 


= -tan-^X 

X 
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Therefore, dividing a vector R by *1 vector 
X + ;y means dividing the magnitude of the 
vectoi R by the magnitude of the vector x + jy 
* e by V X® + y® turning the vector R 

through an angle — tan 

30 To Divide a Vector R by a Vector x— jy 

When a vector R is di\ided by a vector x — 3y, the 


result IS denoted by 


X— jy 


^ +^y) 

(x -jj) +jy) 

Rx + ?Ry Rx + jRy 


X* — f y® 




+ y® 


X -j- y X + y 

The new vector will therefore have a magni 

tude = Ri, where R, = ^ 

^(x* + y®)* tx* + y®)» 


s/ f and Its ph 

( X* + y» )® V X® + y* ^ 


ase angle will 


Ry 

be Oi, where 0i=tan‘"^ = tan~^-Z 

X* + y* 

Hence, dividing a vector R by a vector x — jj 
means dividing the magnitude R by the magnitude 
of the vector x — _;y, t e hy V x® + y® and turning 
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the vector R through an angle *=* — tan“^ 

X 

— + tan“^ -1- 

X 

31 To Multiply a Vector R by a Vector 

(Xi+JYilfx + ? Va ) (Xa 

( ai + j bi ) az + j ba ) c a, + i bs ) 

Let us take a general case where a vector 
say R IS multiplied by a vector 

( Xi + jyi ) ( X + ;y ) ( Xa 4 - jja ) 
(ai+ibi)(a +;b )(a3+;ba) 

We know that vector 
+ ^yi IS of magnitude + a 

phase angle 0i=tan~^ Ji, 

X2 +jy2 „ „ ^x! + y| and has a 

phase angle 0a=tan~^ 

X2 

Xs + ^ys „ „ ^Xs + y^ and has a 

phase angle 03*=tan'“^X 

X3 

bimilarly 

ai + ;bi „ „ '^a! + h! and has a 

phase angle flfi = tan ^ 

ai 

a2 + ?b3 „ „ '^a2 + b2 and has a 

phase angle (X2 “ tan 
08+ A „ „ ^^ai+bs and has a 

phase angle iXs * tan 

3/3 
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By applj ing the rules established in the 
foregoing sections, the result of multiplication of 
vector R by + ) (x, + jy^) (xg +^^3) 

lAill be to multiply the magnitude R 

by V x| + y? ^ Xa + yl x Xg + y| and to 
turn the vector through the angle equal to 

+ •“ + tan~^ ^ + tan~^ 

and similarly the result of dividing the vector R by 
a vector (ai +^b|) (a + ^b^ ) (Og + ^bg ) 
will be to divide the magnitude R bv 
+ bj X Va -vb X 'Z a| + b® 'ind to turn the 
vector R through the angle equal to 

— tan“’'^ tan“^ ^ — tan~^ 

QiX ^ SI'S 

Therefore, the net result of multiplying a 
vector R by a symbolic expression — 

(Xi + ^Ti) (X +JY ) (Xs + JYs) 
(ai+^ba)(a ba ) (ag +^b») 

is to multiply the magnitude R by 

s/ ^1-^3'. “ s/ 

and to turn the vector R from its normal phase 
position thiough an angle equal to 
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+ tan-^ -I.' + tan“^ I + tan"^ Zi — tan"^ hi — tan“^ h 

^ ^ Xj ai a 

— tan~^ ^ 
as 

The above re‘?ult can also be arrived at in 
the following manner — 

Let the ^ector be of magnitude Ri 

making an angle 0^ with the standaid vector of 
refeience, which we have assumed to he in 
the positive horizontal direction Therefoie, 

Ri =- ^ +y“ , and Q, == tan-^ 

Xx 

Hence, cos , and — Rj &m 9 ^ 

Similarly, if the vectoi Xj, +jy is of 
magnitude Rj, and makes an angle 0 with 
the standard vector of reference, we have 

+ -nd e, = tan-* X. 

Xa 

Hence, Xj R^ cos 0 , and y “ R^ &in 0^^ 

Similarly, it can be shown that for a vector 
of magnitude R3 and phase angle 0^ and ex 
pressible by Xg + ^yg , we shall have 

Xg = Rg cos 03 , and y, = Rg sin 03 

Also if Si, Sg, and S3 are the respective magni 
tudes and (Xi , OCa j and OC^ the corresponding phase 
angles of vectors represented symbolically by 
+ , aa + ;ba , and a, + ;b3 , it can be shown that 
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aj = Si COS Oil and bj = Si sin Ofi 

•ind ^2 = S2 cos <^2 ®iiid b = S sin C/s 

alsOj fig ” Ss cos 0^3 iind b^ ~ S3 sin OS 

Therefore, the expression 

(ai+jbi) Ca +J>> ) (a +jbs ) 


^ ( Ri cos ^1 + jRi sin ^1) ( H cos ^ +^R sin0 ) 
( Si cos OCi +jSi sm OCi ) ("a cos Of +^8 sin CZ'2 ) 

( R3 cos + jPs sin 03 ) 

( Ss cos ds + J^a sin dg ) 


^ [Ri (cos ^ +7 sin 0 i ) ] [ R (cos 0 g+^sm^ )] 
[ &i ( cos (2-1 +j sin iXi ) ] [S ( cos 2 / +j Sin d 2 - ’'] 
[Rs (cos Q^+j sin O-i)} 

[ Ss ( cos dg +j sin <2-3 ) ] 


= R X 


Ri g X R g ^ Rs g 

Jdi „ ^Jd ^ ia^. 
Si e X S 2 ^ X S 3 S 


R X 


R 1 T? 2 ^3 
Si S ^3 


■»« ^ 


3 di 3 di jaa 
g X g X g 

» (01 + 02+03+ -d-L-d^-dt ) 


B-i R Rg r 

~ ^ §2 S 3 L ( 0 1 "b 02 "b 03 

— tti — Ofc — as ) + j sm ( 01 + 0a + 03 

-ai-O's- ^s] 


( 1 ) 
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Ltt P fatmd for R x and 

for ( -e-i + -fa -2 + -B-s — (Xi — or — OSi), 

the expiession (1) will become 

P cos Jp -t-jP &in ct> (2) 

We cm bee that expiession (2) represents a \ ctoi 
-n hose mngnitude is — 

P^ cob cp + P sm® <$5 
== P V cob^ cp 4- SlU cp = P, 


and whose phase angle is tTn~^ 


P 

P 


sin cp 
cos 


== tan~^ tan cp = cp 

We note, therefore, that the magnitude of the 
new vector is equal to P, 


where P==R 


X 


Rj X R 2 ^ P'S 
Si X S2 X Ss 


= R ^ xf +yl X X* +2 ^ 

a^ + bi X a“ + bj X V' -1- 

and Its phase position is given by an angle 
4 ., where cp — ( -f^i 4- -e-s 4- -©-ad- 
- OCi - OCs - Cli) 


— ( d-tan”^ Xl 4-tan~^ Xi 4 - tan X» 

Z X X3 

~ tan ^ — tan X® — tan ® ) 

ai Hj) a* 
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32 Imporant Rales of the Symbolic 
Method — The results obtained in the foregoing 
discussion are of great importance on account of 
their application to alternating current circuit® 
The results may therefore be theorized as 
follows — 

( 1 ) The symbol denoted by letter j is 
used merely as a distinguishing index 
It denotes that the quantity to which 
It IS attached has been turned through 
-f- 90 if the sign of ^ is -H, and through 
— 90 if the sign of is — The 
index also equals i Therefore 
j will equal — 1, and f = —J 

( 2 ) A symbolic expression x +^y repiesents 
a vector whose rectangular co ordinates 
are x and y, and therefore the 
magnitude of the vector is x’ + y* 

and phase angle = tan Z. 

X 

( 3 ) A vector represented only by x can 
be symbolically expressed by 
(x+^ zero), because (x+^ zero) 
denotes a vector whose magnitude is 
x®+ zero® “ x, and 

phase angle = tan — zero 

z 
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( 4 ) A vector represented by the symbolic 
expression x — jy denotes that the 
magnitude o£ the vector is V" ( — y)* 
— V y* » and its phase angle 

— tan Hi- — — tan -X. 

X X 

The sign — indicates that the angle 
tan -X IS to be measured in the 

X 

negative direction, * e in the clock 
"Wise direction from the direction of 
the standard vector of reference 
( o ) A vector represented by the symbolic 
expression — x -h ;y denotes that the 
magnitude of the vector is equal to 
— x)® + (y / = ^ X® + y® , and its 

phase angle is equal to tan“^ — X 
= — tan JL , 

X 

measured in the negative direction 
from the negative horizontal dircc 
tion so that the vector should lie 
in the second quadrant The student 
should satisfy himself that the new 
vector would he in the second quadrant 
( 6 ) A vector represented by the symbolic 
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expression — x — ;v would have its 
magnitude equal to 
“ X +y* ) and its phase angle 

= tan ZX. = tan Z. measured in 

— X X 

the positive direction from the negati\ e 
horizontal direction so that the 
vector should lie in the third quadrant 

( 7 ) Multiplving a vectoi R by a vector denoted 
by the symbolic expression *!ay x 4- ^ y 
means multiplying the magnitude R 
by Vx^-f-y* and turning the vector 

R through an angle == + tan“^ — 

( 8 ) Multiplying a vector x -r ^y by Xi + ;yi 
means multiplying a vector 1 by 
vector X + ; y and again by Xj + ^ yi^ 
which will involve similar operation 
as in ( 7 ) above, except that in this 
case the vector to be multiplied is 
represented by 1 instead of by R and 
that it IS to be multiplied first by 
again by The 

operations would result m a new 
vector whose magnitude would equal 
x®-h y* ^ ^ 3 :®+ y* and whose 
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ph ise angle would be 
+ tan y + tan -Xi measured from 

X Xi 

the standard vector of reference 
It should be noted thit when we say 
vector R or vector 1 , we really mean 
that symbolically it will be denoted by 
R + 7 zero and 1 +7 zero respectively 
( 9 ) Multiplying a vector R by a vector 
(ai — '^bi) means that the magnitude 
R is to be multiplied by V -j- b^ and 
the \ector R is to be turned through 

an angle = + tan = — tan 

<**1 ai 

( 10 ) Dividing a sector R by a vector 

a + ^b means dividing the magnitude 
R by yf a*+ b® and turning the 

vector through an angle =— tan ^ 

( 11 ) Dividing a vector R by a vector 
a — ^b means dividing the magnitude 
R by •/ a*+ b® and turning the vector 

through an angle — — tan~^-Il^ = -t- tan~^^ 

df St/ 

( 12 ) Multiplying a vector R by a vector 

(s:i+;yi) (X34-;yg) ( Xs+ Ys ) 

(ai-f-^bi) (a 3 +;b 2 ) (aa+^b,) 
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means that the magnitude R is to be 
multiplied by 

■v^aj^ + b® X v^agd-b* x V'ag+b® 
and that the vector is to be turned through 

an angle = f" + tan~' ^ + tan~^ Z_ + tan~^ 3 ^ — tan~^ 

Xi Xa Xs ai 


— tan~’ 


— ®— tan“^ ^*'1 

3»3 J 



CHAPTER VI 


APPLICATION OP THE S’iMBOLIC METHOD TO 
ALTERNATING CURRENT CIRCUITb 

33 Equations of Alternating Current and 
Voltage Sine Waves — An alternating current 
sine wave o£ maxiniura value I may be repre 
sented on a vector diagram by a vector o£ con 
stant magnitude OP, (Fig 13 ), revohing 



TO 19 

at an angular velocity o£ radians per second 
about 0 as centre Suppose that at time t—o^ 
the vector OP was in the direction OX, t e 
in the direction which we have assumed to 
represent the standard duection o£ re£erence 
A£ter t seconds the vector will have turned 
through an angle pt radians Its projection, 
vertically, at any instant will be I sin pt I£ 
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1 repiesents the instantaneous value of the 
alternating cuiient sine wave we shall have 
1=1 sin 'pt (1) 

Theiefoie, we cm always repiesent an alternating 
cuirent sine w ive, analytically, by an equition 
such as 

1 = I sin pif, wheie 

1 IS the instantaneous \alue, I the maximum 
value of the current wave, and p is the angular 
velocit;^ , in r idians per second, of the rotating 
vecfcoi 

Now, if T IS the time in seconds tiken by 
the vectoi OP to iririke a complete revolution, 
I « , to tuiu thiough an angle J OX i idians, 
or in other words if T is the time in seconds 
taken by the w ive to pass through one com 
plete cjcle, and if f = fiequenc} (number of 
comnlete cycles) pei second, then clearly 

T = and since pT — 2 OT , 

we have p= — — =2TX — l/£ = 20If 

Therefore, equation (1) becomes 
1 = 1 sin 2 TC f t , 

but it IS commonly written i = sin pt where ^^ = 2 or f 
Similarly, we can show that the alternating 
voltage sine wave can be represented by an 
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equation such as 

e = E sin p t 

= E sin 2'7r£ t (2), 

where e and E aie the in'stantaneous and the 
ra ixirnum vdue o£ the voltage wave 

84 Phase Difference Between Two Alter 
nating Cuirent Sine Waves — Suppose, we have 
two alternating cuirent waves expressible, analy 
tically, by the equations 

1 , = Ii sin p> t (1) 

and 1 = I 2 am (j3t+0 ) (2) 

We can see that the alternating current of 
equation (1) diiSers from the alternating current 
of equation (2) not only m magnitude but also 
in phase The maximum \alue of current of 
equation (1) is Ij, and its phase angle with 
respect to our standard vector of reference 
(7 e, the positive hoiizontal direction) is zero 
The current represented by equation (2) has a 
maximum value Ij and phase angle = + 0 * e , 
the current of equation (2) leads the current 
of equation (1) oy an angle 0 It tv ill be noted 
that both currents have the same angular velo 
city of _p radians per second, and therefore 
both will revolve with equal angular velocity 
It should be clearly understood that 
at time i = zeio, 
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1=1 Sin -pt 

mil be represented vectorially by a vector lying 
in the diiection o£ our standard vector of re 
ference Therefore, a vector repre^'Cnted by the 
equation of the form i = I sin pt or e = E sin pt 
18 always taken as the standaid vector of reference 
for the measurement of the phase angles of all 
other currents and voltages 

When the equations ( 1 ) and ( 2 ) are repre 
sented vectorially, the two vectors will be separated 
by an angle Q, since one current is leading 
the other by this angle 

We can represent the two curients, both in 
magnitude and m phase, on a vector diagiam 
such as that shown in Fig 14 The vector OPj 



represents the current ij = I, sin pt, and 
the vector OP2 will represent the current 
i2=Is sm 0 ) The two currents can be 



APPLICATION OF THE SYMBOLIC METHOD 61 

repiesented graphically as shown m Fig 15 One 
wave represents the current 

11 = Ij sin and the other 
wave represents the current 

1 2 == I 2 sin ( pt + Q ) The 
current ii~Ii sin^^ is shown 
lagging behind the current 

i 2 =l 2 Siu (jti? + 0 ) by an angle Q 

S5 Current and Voltage Sine Waves m 
Circuit containing aesistance only — Let us 
consider a circuit which possesses ohmic resistance 
only, and in which an alternating current 

1 = 1 sin j9t (1) 

IS flowing We have to find the magnitude o£ 
the impressed voltage driving this current and 
also the phase angle of the voltage with res 
pect to the current 

We know that the impressed alternating 
voltage required to drive the current in a cir 
cult containing ohmic resistance only is used 
up entirely in providing the ohmic drop There 
fore, the voltage across the circuit at any instant 
will be the product of the ohmic resistance of 
the circuit and the current flowing through the 
circuit at that, instant 

Therefore if resistance = R ohms, 

e - R X 1 



( 2 ), 
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can at once find ont the current flowing tbiough 
the circuit by dividing the voltage vector by 
the impedance vector The latter is to be repre 
sented symbolically so that the operation may 
be done quickly For instance, in a circuit 
containing resistance R ohms and impressed 
with a voltage e » E sin pt^ the current flowing 
through the circuit will be 

1 = e E sin pt 

Impedance R zero 

B 1 . . , zero'! 

= /^f=r== sin J pi— tan ^ 

•/Br + zero R ) 

E 

= ^ sin {pt — tan“^ zero ) 

— sm {pt — zero ) 

* R 

= I Sin pt, where I« 

R 

In both cases discussed above, it will be 
noted that current and voltage are in phase 
with each other, which establishes the fact that 
in a circuit possessing only resistance alternating 
current is tUvsays in phase with the impressed 
voltage 
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36 Current and Voltage Sine Waves in 
Circuit containing Resistance and Inductance 
A Consider next n, ciicuit such as that sho'wn 
in Fig 16, hiving llesist 
a nee — R ohms and Induct 
ance “ L henries connected 

1 ' = ^ S’"'*'’’ I 

111 senes Let the curient I n® n * 

flowing in the circuit be 

1 — I sin ( 1 ) 

W e have to find the magnitude and phase 

angle of the impressed voltage and also of its 

components acioss the resistance and the induct 

ance of the cii cuit W e know that the im 

pressed voltage at the instant when the curient 

in the ciicuit is i will be made up of two com 

ponents, namely 

(z) a component providing the ohmic 
resistance drop It will be equal to 
e = Ri 

s= R I sm ^t ( ) 

and ■will be in phise with the 
current 

(t 2 ) a component pro\iding the inductive 
drop It will be equal to 

di 

which is 90 in advance 
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of the cm rent, but 

_ dl T I Pf XT 

=;> L I cos 

= p L. I sin f jD/ + 90 ) 
Therefore, the component providing the 
inductive drop is equal to 
Cl = ^ L I sm (^t + 90 ) (-2’*) 

We note that the maximiura value of the 
resistance component of the impre''Sed voltage 
IS R I, and the maximum value of the 

inductance component is p L I Since the latter 
IS in advance of the formei by 90 , we cm 
add the two symbolically and get the resultant 
impressed voltage as follows — • 

The resultant impressed voltage at any instant = 
e pm«d= e + j et. = R I sin + 7^ L I sin pt 

= ('R + jp L ; I (3) 

Multiplying I sin pfc by the symbolic ex 
pression R + p L, we shall get 

= (^ + sin pt 

— v^R® + p* L* I sin ( pjf+ tan ) (4) 

Jti; 

which gives both magnitude and phase angle 
of the impressed voltage 

The student will note that if a circuit 
contams only resistance and inductance joined 
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in seTies, the cunent vector can be converted 
into a voltage vectoi by multiplving the former 
by the 'symbolic illy expressed impedance of the 
circuit 

JBor instance, if the cunent flowing through a 
circuit Is known and is expressible by 

ii jss Ij sin pt ( 5 ) 

md the impedance of the circuit is made up of 
resistance = Ri ohms and induct ince =t: Lj henries 
joined in senes, we can apply straightaway the 
symbolic method to determine the magnitude and 
phase angle of the impressed voltage and its 
components as follows — 

{a) Magnitude and phase angle or the 
impressed i oltage 

The current is given by equation (5) 
The impedance of the circuit 
= R-i p Li (6) 

Therefore, the impressed voltage it 
any instant is equal to 
e *= ( Ri+;^ Li) X ii 

( Ri /> Li ) X Ii sin pt 

« ^WTp^ Lf 

X Ii sm ( j?/ + tan (7) 

which gives both magnitude and 
phase angle of the impressed voltage 
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(6) Magnitude and angle of the 

resistance component of the impr espied 
voltage 

The current is gi\en by equation (o) 
The impedance o£ the resistance poi 
tion of the circuit — Ri+; zeio (8) 

Therefore, the resistance component of 
the impiessed voltage is 
e = (Rj zero) x h 
“ ( K-i + ; zero ) Ii sin pt = 

y (R^+zeio^) Ij sin (p^+tan“^ .E£I2 ) 

1 { 1 

= Bi Ii sin (^pt + tan zeio ) 

= Rj Ij sin pt (9) 

which gives both magnitude and 
phase angle of the resistance com 
ponent of the impressed voltage 
(r) Magnitude and phase angle of the 
inductance component of the im 
pressed volfaqe 

The current is given by equation (o) 
The impedance of the inductance por 
tion of the circuit = zero +; p Lj (10) 
Therefoie, the inductance component of the 
impiessed voltige is 

Ct ^ ( zero p Lj ) X h 
=® ( zero -i* 7 p Li ) Ii sin pt 

= ^ zero® + p* LJ Ij sin {pt + tau“^ JEliiS) 

TPiVdi 
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= ^ Li Tj sin ( + tan oc ) 

= p Li Ii '!in (^pt + 90 ) (11) 

^^hlch gi\es both magnitude and phase angle 
o£ the inductance component of the impressed 
voltige 

Ihe anilyticdl equations (7), (9), and (11) 
give both magnitude and phase angle of the 
impre«ssed \oltdge and its components 

It is left for the student as an exercise 
to draw the current and the three voltages on 
\ vectoi diagram, and study how the currrent 
and voltages aie in mutual phase relationship 
in a circuit containing only resistance and 
induct ince joined in •senes 

Ihe student is strongly recommended to 
tike Irttle pains m diawing the above lesults 
vectorially If he will do that, he will succeed 
in fotming a clear mental picture of how 
voltages and cuiient are placed, with respect 
to phise relationship, in a circuit containing 
resistance and inductance It will also enable 
him to interpret correctly as to why in 
actual practice an induction motor, running 
off an alternating supply, draws the current 
which behind the voltage and therefore the 

killowatt rating of its stator is not the same 
as> Its kilovolt ampere (KVA) rating 
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impressed voltage 
^ impedance 

e E sm j 3 t 

JKr ^ ^ Ij ^ Ij 

Dividing, according to the rules 
established in the preceding chapter, 
the vector E sin ;pt by the symbolic 
expression we get 


E sm jpg 
R -i- ^ ^ L 


E 


sm (j 9 ^— tan~^ 


PJL N 
±t ^ 


= I sin (^pt — tan ^ ) (^3) 

Jbv 

where I = E — + p* L* 

The equation (lo) gives the magni 
tude of the current and also its 
phase position with respect to the 
impressed voltage 

{b) The resistance component of the im 
pressed voltage will be found as 
follows — 

The current is given by equation (13) 
The impedance vector of the 
resistance portion of the circuit = 

R zero 
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Therefore the volHge across the 
resistance is 

e *= impedance, due to resistance, x i 
== (R + 7 zero) X i 
== ( R 4 - ; zero ) x 

I sin (^pt — tan JL^) 

lit 

= <v^ R* + zero* 

Ism ( tan~^Jlii-4-tan“^ 

R R 

= R I sm (^pt — tan + zero ) 

iii 

= R 1 «sin (^jf— tan”^ iLL.) (14) 

which gives the magnitude as well 
as the phase angle of the resist 
ance component of the impressed 
voltage 

(c) The inductance component of the 
impressed voltage will be obtained as 
follows — 

The current is given by equation (13) 
The impedance vector due to the 
inductance of the circuit »= zero + j p\i 
Therefore, the voltage across the 
inductance will be 
ejL = impedance x i = 

( zero 4- ?jp L ) X I sin {pi-* tan-* y 

R 
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~ y zeio* + p* L* X 

1 Sin ( pi — t tn + tan ) 

= p L 1 sm pi— tan~’iy- + 90 ) (15), 

which gives both magnitude and 
phase angle of the inductance com 
ponenfc of the impressed voltage 
AVe can now summarise the above results as 
follow s — 

In a circuit containing resistance and induct 
ance connected in series, the following relations 
will exist between the current and the various 
voltages — 

(A.) If the carrent flowing through the 
circuit IS represented by 
1 = I sin pi (<*) 

the impressed voltage will be 
e = + p* X 

Isin(pi+tan“ ) (*) 

The resistance component of the impressed 

voltage will be 

e = R I sin pi (c) 

The inductance component of thfe impressed 

voltage will be 

Cl =? p L I sm ( pi + 90 ) (d) 



74 


THP SYMBOLIC METHOB 


(B) It the impressed voltage is represented by 

e = b sin pt (<*i)y 

the current will be 

1 = I sm tan (^i)> 

where I = E — R® + 

The resistance component o£ the 

impressed voltage will be 

e=R I sin ( tan - T . ^ .■) fcj) 

The inductance component of the 

impressed voltage will be 

e^ssj? L I sin tin 4-90 ) 

id^) 

It will be noted, that in both cases the 

current is found to be lagging behind the voltage 
The greater is p L than R, the greater will be 
the angle of lag Also, the resistance component 
of the impressed voltage is in phase with the 

current, and the inductance component of the 
impressed voltage is 90 in advance of the current 
37 Cuxrrent and Voltage Sine Waves in 
a Giromt CNOnteiaing Capacity only — We will 
now consider the case of a circuit which possesses 
capacitj only Suppoese, such a enrcuit is im 
pressed with an alternating voltage rejwesented by 
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e= E <!m — 90 ) ( 1 ), 

^nd let the cap'icity of the lurrent = C fds 
We know thtt the current flowing m this 
circuit will be 

1 = 0 - c ^ ^ sin ipi—^Q > 

dt dt 

== C p E sin pt 

= I sin pt (2), 

w here I = C p E 

We can see that the current is leading: the 
voltage by 90 , and that the maximum value 
of current, flowing in a circuit comprising a 
capacity of C fds and impressed with a voltage 
sine wave of maximum value E, is I = p C E 
Therefore, the impedance of such a circuit, ex 
pressed symbolically, will be 

^ ^ 1 ^ 7 ^ ; 

j pL ? pijxj f p^ p C 

1 

— — 1 — 7T or 
’ p Q 

= zero + ; ( — (3) 

Having found the symbolic expression for 
the impedance of a circuit containing only 
capacity of C fds, we can easily find the magni 
tude and the phase angle of the impressed 
voltage if the current is given or v%ee versa 
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For instance, let the impre'^sed voltage be 
€ = E sin — 90 ) 

The iDaped-iiice of the circuit contuning only 
capacity = C fds will be 


zero +J Cp zero ) 

= zero + j since resistinee and 

inductance are both zero 

Therefore, the current in the ci!cuit = 
impressed voltage _ e 

impedance impedance 

F sin ( pi — 90 ) 




n/ 


zero 


( 


Sin 




90 —tan 


- (IS 

' zei 




= — j — ''in (pt — 90 + tan~^ oc ) 
p C 

C E sin ( pf — 90 + 90 ) 

^ P C E sin pt 

where I =^p q M, 


( 4 ), 
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Therefore, the maximum value of the current 
IS I = p G and it is 90 in advance of the 
voltage The phase position, obtained for the 
cuirent, establishes the fact that in a circuit 
which contains only capacity, the current lead-s 
the impressed voltige by 90 

38 Current and Voltage Sine Waves in a 
Cirouit possessing Resistance Inductance and 
Capacity joined in. Senes — Let us next study 
the case of an electric circuit which possesses 
ie8istance = R ohms, inductance = L henries, and 
capacity = C fds, all connected in series Let 
the cuirent flowing through the circuit Ije 
exp’’essed by 

1 = 1 sin pi (1) 

The magnitude and phase angle of the ira 
pressed voltage and its components will be found 
as follows — 

fa) To find the maqmtude and phase angle 
of the impressed voltage 
The current is given by equation (1) 
The impedance vector of the circuit, express 
ed symbolically, will be represented by 

( 2 ) 

Therefore, the impressed voltage at any instant = 
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e = impedance x current at that instant 

= [R4-j (pL~ ] X I ^in pi 

Multiplying, according to the rules established 
in the preceding chapter, I sin pt by 

B.+jiph ), we get 

X 

p L ^ 

1 sin ^pt + tan~^ ^ 

1 _ 

= E sin {pt + g-£-9 ) (3), 

where E*=V R*+ {p L x I 

^ pG 

The analytical equation (3) expresses, both 
in magnitude and phase angle, the impressed 

voltage The following important results are to 
be particularly noted 

(*) The impressed voltage will 
be in phase with the current 

if (p L — — ^) = zero The 

expression for the voltage 
will then become 
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e = R I Sin pi 

This shows that m an 
alternating current circuit 
which contains resistance, in 
ductance, and capacity con 
nected in series, the circuit 
behaves as i£ it contained 
only resistance when the 
inductive reactance equals 
the capacity reactance, t e 

when p L = — ^ The current 

^ p G 

therefore will be in phase 
with the voltage 

(ti) The impressed voltage will be 
in advance o£ the current 
when JO Li is greater than 

-i- . t e when the effect 

of inductance is greater than 
the effect due to capacity 
(til) The impressed voltage will 
be lagging behind the current 

when p Li is less than — 

t e when the effect due 
to inductance is smaller than 
the capacity effect 
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(6) lo find the magnitude and phn^e anqle 
ot the resistance component of the 
impressed voitage 

The current is given by equation (1) 
The impedance vector o£ the re 
sistanoe portion of the circuit, 
symbolically expressed, will be 

K Hh 7 ( © zero — — — ) 

■* p zero 

= R + j zero (4) 

Therefore, the resistance component of the 
impressed voltage will be 

e = impedance vector due to resistance x 
current 

= ( R -I- y zero ) x i 

= ( R 4-y zero) I sin pt 

= K* + zero* I sin ( + tan -^512.) 

Jtir 

= R I sin pt 

= Ey sin pt (5), 

where E, = R I 

The equation (o) gives the magnitude and 
phase angle of the voltage across the resistance 
It 18 m phase with the current 

(o) To the magnitude and phase anqle 

of mduciance component of the 
naprmaed m^ge 



APPLlCAnON OF THE SYMBOLIC METHOD 81 


The current IS given by equation (U 
The impedance vector for the in 
ductance, 'symbolically expressed, will 
be represented by 


zero +7 ( p L — — - — ) 

jnf n ^ 

= zero +j p 1 j 


( 6 ) 

the 


Therefore, the inductance component of 
impres'sed voltage will be 

e^ = impedance due to inductance x current 
= ( zero 4- y p L ) X 1 
= ( zeio 4- y p L ) I sin pt 


— ^ zero* 4- p* L* I sin (p/4- tan 

= p L I sin ( p^ 4* 90® ) 

= El sin (pi 4- 90® ) (7), 

wheie El = p L I 

The equation (7) gives the magnitude and 
phase angle of the voltage across the inductance 
It IS 90® in advance of the current 

(6?) To find the magnitude and phase 
angle of the capacity component ot 
the impres'^ed vnlfage 
The current is given by equation ( 1 ) 
The impedance vector of the capacity 
portion of the circuit, expressed 
symbolically, will be 
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= zero + 7 ( p zero ) 

IP V 

= zero + 7 ( — (S) 

Therefore, the voltage across the 
capacity will be 

Cc = impedance vector due to 
capacity X current 

= (zero ^ ^ 

= ( zero + 7 — ) I sin yt 

« si zero» + (-^)* X 

^ 

I sm pt + tan“^ J!L1_ ) 

‘ zero 

«-^sin {pt - 90® ) 

= E sm ipt — 90® ) (9), 

where E — — 4- 

The equation (9) gives the magnitude as well 
as the phase angle of the voltage across the capacity 
We observe from the above results that if 
we take the current as our standard vector of 
reference, since it hes in the positive horizontal 
directzoD, and measure the plmae angle of voltages 
with respect to it, we find, that 
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(a) the impressed voltage is either in 
phase with, in advance of, or lags 
behind the current, depending upon 
whether the inductive reactance is 
equal to, greater, or smaller than 
the capacity reactance 

(^) the voltage across the resistance portion 
of the circuit is in phase with the 
current 

(c) the voltage across the inductance portion 
of the circuit is 90® in advance of 
the current 

(t/) the voltage across the capacity portion 
of the circuit is 90 lagging behind 
the current 

The student will note from the above dis 
cussion, that a clear understanding of the be 
haviour of alternating currents and voltages in 
circuits containing resistance, inductance and 
capacity is very essential for a thorough grasp 
of all classes of alternating current work He 
IS, therefore, strongly advised to study very 
ciitically the results obtained above He should 
work out, as an exercise, niaximum value^ 
r m s value and phase angle of impressed 
volhige aud its components for a given value 
current and assuming vaiious values and 
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arrangements o£ connections o£ resistance, in 
ductance and capacity 

39 Series and Parallel Arrangements of 
Impedances are added like Resistances Tn 
our application o£ the symbolic method, in the 
above illustrations, for the determination of 
magnitude and phase angles of currents and 
voltages, it will be noted that we had ex 
pressed the impedance vectors symbolically In 
the last section, we had illustrated the case of 
an electnc circuit in which resistance, induct 
ance and cajmcity were arranged in series, and 
in arriving at their total impedance we added 
the impedance vectors like resistances If the 
various impedances had been arranged in parallel, 
their impedance vectors should -also have been 
compounded according to the rale applicable to 
the addition of resistances arranged in parallel 

An easy way to prove the above is as 
follows — 

{a) Settes arranqement of Impedances 

If we have a senes arrangement of 
resistance, inductance and capacity, 
and if X}, St and Xg represent the 
impedance vectors of resistance, m 
ductance and capacity respectively, 
and if the current flowing througb 
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the ciicuit ito 1 =« I sin the "voltoges 
across resistance, inductance and capacitv 
MiU be Cl, ej and 63 respectively, where 
<*i = Xi I sin p/, 
e* = x, I sin p/, and 
Ca == Xa I sin p/ 

Xherefore, the resultant voltage \ector 
will be 

+ ©2 “T* Ca 

*= Xi I sin pf + X T sin pr + x, I sin pt 
= ( Xi + Xa -h Xb ) I sin pt 
But Xi 4- X2 + X3 IS the sum o£ the 
separate impedance vectors It is, 
therefore, clear that when the im 
pedances are joined in series, thev 
combine like resistances 
(6) l^arallel arrangement ot Impedances 

Let resistance, inductance and capacitv 
be connected in parallel, and let 
their impedance vectors be represented 
by Xi, Xj and Xa respectively If 
ii, I2 and ig are the corresponding 
currents flowing through the branch 
circuits, and if the voltage across 
the circuit is 
e «= E sin pf 
then, 
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ID Stn pt 
ID sm pi 

Xa 

B sia pt 
z* 

Therefore, the resultant current 

— + *S + >8 

sinp^H sin pi+— ^sin 

^a X# 



=» ( -L. 4- 4 — L ) E Sin pt 

Xt X® 

= I E sin pt ( 2 ) 



It IS evident from equation (2), that the 
it^ultant impedance vector of a circuit, conta ning 
resistance, inductance and capacity arranged in 
parallel, is the reciprocal of the sum of the 
reciprocals of the branch impedances The im 
pedance vectors, e\en if connected in parallel, 
are therefore (Ximbined like resistances 

40 Symbolic Expressions for Impedance 
Vectors —We have observed, in the foregoing 
illastmtions of the applKation of the symbolic 
ici^bod for the det^mination of the magnitudes 
and f^Mse aisles of vottn^es and currents entering 
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ro Sin pt 
aci 

TC sm pt 

- K s in, pt 

* x» 

Therefore, the resultant current 

+ ^2 + I3 

!GB Tfj 

*= sinp/-i sinp^H sin 

Xi Xj X3 



( 1 

--1-+ 

^ ) E sm pt 

Xi 

Xs 

X3 


1 

RITI Tit 


1 


(— 


*) 


( 2 ) 


It IS evident from equation (2), that the 
resultant impedance vector of a circuit, conta ning 
resistance, inductance and capacity arranged in 
parallel, is the recipiocal of the sum of the 
recipiocals of the branch impedances The im 
pedance vectois, even if connected lu parallel, 
aie therefore combined like resibtauces 

40 Symbolic Expressions for Impedance 
Vectors — W^e have observed, in the foregoing 
illustr itions of the application of the symbolic 
method for the detei mination of the magnitudes 
and phase angles of voltages and currents entering 
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into a problem, that it is es&enti il to expiess 
the impedance vectors symbolically for con 
verting voltage vector in^’o current vector, or 
vice ver^a We may, therefoie, summarise the 
symbolic expressions foi the impedance vectors 
of some of the most important combinations 
of resistance, inductance and capacity is follows — 

( JL ) The circmt contains only resistance = 
R ohms, 

the impedance vector of the circuit 
= R + 7 zero (1 ) 

( 2 ) The circuit contains only inductance = 
L henries, 

the impedance vector of the circmt 
= zero p L (2) 

3 ) The circuit contains only capacity aa 
C fds, 

the impedance \ ector of the circuit 
= zero + ;(-^) (S) 

f 4 ) The circuit contains resistance = R 
ohms and inductance = L henries, 
both joined in series, 

the impedance vector of the circuit 
«=R p L (4) 
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( o ) The circuit contains resistance =R ohms 
and capacity = C fds, both joined 
in sei les, 

the impedance vectoi of the ciicuit 

= R +7 ( — -j-^) (^) 

( 6 ) The ciicuit contains inductance = 
L heniies and capacity = C fds, both 
joined in series, 

the impedance vector of the cncuit 


= zero+;(jDL 1^) (6) 

( 7 ) The circuit contains resistance ==» R ohms, 
inductance = L heniies and capacity 
sss C fds, joined in series, 
the imped \nce vector of the circuit 

= R-u^(pL-^^) (7) 

( 8 ) The circuit contains resibtance=aR ohms 
and inductance = L heniies joined 
in parallel 

the resultant impedance vector of 
the citcuit will be 


= I 

« l-( 



1 

jpL, 


) 




» 
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K 


+ ^ ( 


-i)L 


) 


(S) 


( 9 ) The circuit contains resistance =R ohms 
and capacity r=sC fds, ;joined in parallel, 
the resultant impedance vector o£ 
the circuit 


1 — 


( — — h 


0 


-p L> 


= 1 — 


JP ^ 

^ R 3 


— 1 7 P C ) 


1 

-^+jpc 


(9) 


(10) The circuit contains inductance *= L 
henries and capacity = C fds, joined 
m parallel, 

the resultant impedance vector of 
the ciicuit 


-=l-( 


1 

jplj 



» 1 


1 

jph 


+ ; P C) 
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CJ) 

= ^ (io> 

zero 4- 7 (p C i— ) 

jp JLi ^ 

(11) The circuit contains resistance = R 
ohms, inductance == L henries and 
capacity = C fds, joined in parallel, 
the resultant impedance vecto” of 
the ciicuit 


1-(J. 


Jbi 


J P Ij 


“-P G 




(pC_ 1 )] 

JbC jP D 


1 


4-+^ (pc- 



(11) 


Sxample Let us take an example and 
“^pply the results of the preceding discussion 
Suppose, we have an electric circuit which 
comprises two branch cn cults a and h respect 
ivelj , and they are joined in parallel Let the 
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branch circuit a po sess only inductance of Li 
henries, and the branch circuit h contains re 
sistance o£ R. ohms, and inductance of Lg 
henries joined m series Let the current supplied 
by the alternitoi to the circuit be expressible by 
1 = 1 sin -pt ( 1 ), 

and we are required to determine 

(i) the magnitude and phase angle of the 
impressed voltage and 
( ii) the magnitudes and phase angles of 
currents in bianch circuits 
We note from the above data that we are 
given the mam cuirent and it is expressible by 
1 = 1 sin^i As the \ector lies in the positive 
horizontal direction, we can take it as a vectoi 
of leference for the measurement of the phase 
angles of the voltage vector md the vectors 
representing the branch currents 

The impedance vector of the branch circuit 
a , which contains only inductance of Li hen 
ries IS expressible by 

zero + ;p Li (2) 

The impen dance vector of the branch circuit 
h , which contains resistance = E. ohms, and in 
ductance = L* henries, is expiessible by 

R + ^ pLg (3) 

Since the two impedances are in parallel. 
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the resultant impedance vector o£ the whole 
circuit will be the reciprocal o£ the sum o£ the 
reciprocals o£ each, t e they will be compounded 
like resistances 

There£ore, the resultant impedance vectoi 






= 1 - 


zero +7 pli-i B. +J p Li 
K+jpLi-^jpLi 


] 


zero + J Li ) x ( K. + j p L. 
R + / Lj + P Ijs) 


t ] 


( zero + jpLi) (R + ^pL^) 
C zero +^pI,)(R+jpLa) 


(4) 

R+^(pLi+pLs) 

Having found the impedance vector for the 
branch arcaits and also the resultant impedance 
vector, we can determine the impressed voltage 
and branch curients as follows — 

(a) Impressed voltage — 

The impressed voltage = lesultmt 
impedance vector x Mam Current 

( zero + jpIii)(R + ^pL ) 


tt+jCpIi+pLa) 

( zero + j p Li ) ( R p Ij ) 


X 1 


I sin pt 


R+^ (pLi + PL2) 
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= I X 


zero®+;>® L? X R 4-p Lj 
R'^ -{- ^ "p Lj -f- Lj2 

X sin ( pt + tan 


+ tan 


-1 P T 
H 


— tan ( p + p Tja ) y 

zero^+p^ Lf x 

^ ^ ^ R* + C P Li + p La ) ® 

X sin ( 2 ?^+ 90 + tan“^ - ? - I— 

fv 

— tan ;^ Jk.g-) 

R, 

oi e s= E sin (p^+ 0 ) (5), 

y zero^H-p® L? X R®4-p®L* 


where E == I X 


■/ R® + ( Li JE7 La )' 


and <5? = (90 4-tan~^. ^ — — tan~^— ^ +pT 

R> Ri 

which gives both magnitude and 
phase angle o£ the impressed voltage 
(6) Current tn branch circuit a 

impressed voltage 

~ *” impedance vector of branch, circuit a 


_ E sin ( pf + 0 ) 
zero + ; jp Li 
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E 


zero^ + p Li 
sm tan 

zeio 


B 


• sm ( 2 ?^+ 0 — 90 ) 


p Lii 

= I sin ipt + 0 — 90 ) 


•where I = 


B 


P ijj 


(c) Current in branch circu t b 

impressed voltage 




(6), 


impedance vector of branch ciropit & 

Esm {pt + 0 ) 

^ ^ P La 

E 


+p^L| 


X 


sm (pt -i- 0 _ tan~^ - ) 

xl 


= sm ( pi+ S— tan ) (7) 

E 

•where I,, = - y -pg ^ ^ 

It will be observed from equations 5, 6 and 
7, that 
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(z) The impressed voltage is leading the 
mam current by an angle 0 
(jiz) The impiessed voltage is leading the 
branch current a by 90^ 

(zzz3 The impressed voltage is also leading 
the branch current b by an angle 
less than 90® This is due to the 
fact that branch circuit b possesses 
resistance also which tends to reduce 
the angle of lag 

The student is advised to take several eszam 
pies of circuits containing resistance, inductance 
and capacity ai ranged in various ways, and find 
the magnitude and the phase angle of currents 
and voltages, entering into the problem, for a 
given magnitude and phase angle of either the 
impressed -v oltage or the current He should 
notice, in these exercises, seveial interesting 
points which would be very helpful to him in 
interpreting the electrical resonance phenomena 
so well known in alternating curient circuits 
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In the preceding chapter, we had illustrated 
the apphcation of the symbolic method to 
alternating current circuits , but there we did 
not give any numerical values to currents, 
voltages and impedances In this chapter, we 
would give numerical values and solve, m full 
detail, several examples, beginning with simple 
cases and gradually progressing towards compli 
cated ones This would serve to illustrate the 
apphcation of the symbolic method discussed m 
last chapter 

EuLndamental Tt-xiles to "be observed — In all 
examples where the results are to be shown on 
a vector diagram, the student should make it 
a standard practice to observe the following rules — 
That the vector of reference, with 
respect to which all other vectors 
are measured for their phase angles, 
lies m the positive horizontal direction 
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(le) That the vector, repre'senting an altei 
nating current or voltage sine wave, 
rotates in counter clockwi«!e dnection 
Therefore, a \ector is turned count 
er clockwise for positive angles and 
clockwise for negative ansjles 
(lit) For the purpose of repressentation on 
a vector diagram, an alternating 
current or \oltage sine wa\e vectoi 
is imagined to be stationary and is 
therefore drawn, on a vector diagram, 
for a value of time t = zero 
(it) It therefoie follows, that an alternating 
current sine wave of the form 
1=1 sin jot, or an alternating \oltage 
sine wave o£ the form e = E sin pt^ 
will he m the positive horizontal 
direction when plotted on a vector 
diagram 

(tj) An alternating current sine wave of 
the form i = I sin (/?t+0 ), or an 
alternating voltage sine wave of the 
form e = E sm ( jot 4- 0 ), will both 
be dra^n, when lepresented \ec 
tonally, + O m advance of the 
vectors i = I sin jot and e = E sm pt 
respectively, i e , va counter clock 
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Wise duection Their phase angles, 
therefore, will be measuied +0 in 
advance of the positive hoiizoncal 
direction 

{It) Similarly, an alterna ing curient sine 
wave o£ the £orm i « I sin (j 9 t — 0), 
or an alternating voltige sine wave 
o£ the form e == E sm (jyt — O') will 
each be diawn in clockwise direc 
tion at an angle O fiom the posi 
tive horizontal diiection 

£iXd>IXlploS — ('N'ote— 1 1 the f )UDwin^ exa iij les w li ve 
used the slide lule a g i de I 
F r innltiDlicntions an i division 
nd tlieref le the values may nr t 
be abs lately acdir t It is lert 
to the stud it t) woi 1 out again 
the followii g examples and deter- 
mine the exact v lue > 

Eyamile 1 — 1£ an alternating voltage sine 

wave, at the consumer s term 
nals IS expies'^ible by e = 

Mn pt find the maximum 
value and also the r m s 
value of the voltage Which 
of the two values is referied 
to in commercial practice ^ 

An& — (a) Maximum value of voltage 
a= 339 volts 
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‘ind r m s value o£ \oltage 
a=939x 707=240 voltb 
(6) It IS the r m s \alue and not 
the maximum \alae which is 
generally referred to in com 
mercial practice to denote the 
stiength of current or voltage 

Example 2 — Draw the following on a \ectoi 

diagram — 

(а) e = 239 sm pt 

(б) e = 239 sm (pt+4o®) 

(c) e = 239 sm (pt--4o ) 

(c?) 1 = tO sin 

(e) 1 = oO sm (pt-f-30 ) 

(^i) 1 = oO bin (pt — 30 ) 

Ans — The above vectors have been diawn and 
aie shown m Fig 17 
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Example 3 — State the phase angles, when 

measmed with lespect to 
voltage (a), o£ voltages {b) 
and (c), and cui rents {^d'), (e) 
and if) o£ the above example 
Ans — The following are the phase angles o£ 
voltages and cm rents with lespect to 
\oltage e = 239 sin pt — 

The \oltage (6) is 4o in advance o£ the 
voltsige e= 239 sin pt 

The voltage (c) is 4o lagging behind the 
voltage e=239 sm pt 

The current {d) is in phase with the vol 
tage e=2-i9sinpt 

The current (e) is 30 in advance of the 
voltage e=239 sin pt 

The cm rent (/) is 30 lagging behind the 
voltage e=239 sin pt 

Example 4 — The \oltage impressed on a 

circuit, having only a resis*^ance 
of 4 ohms, follows the law 
e 282 sin pt, where fre 
quency f *= oO hind the 
maximum vilue, the r m s 
value and the phase angle of 
the cm rent flowing through 
the circuit 
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Ans — The voltage is expressible bv 

e = 282 sin pt (1) 

and the impedance vector = R + j zero 

= 4 + ^ zero (2) 

Therefore, the current = 

voltige e 

^ impedance 4 + ? zero 


282 sin pt 
4 4- ^ zero 




282 

4 


sin f pt — zero ) 


s=a 70 o sm pt (3) 

Therefore, the maximum value of current = 
70 5 amperes, 

and the r m s value of current =s70ox 707 

= 49 84 amperes 

The current is m phase with the voltage 
We may again draw the attention of the 
student as to how the operation of con\erting 
the voltage \ ector into a current vector has 
been carried out It should be noted that the 
voltage vector was expressed analytically, and 
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the imped'ince vector alone had been denoted 
svmbolicallj' The operation o£ dividing the 
\ oltage vector by the impedance vector R + ; zero 
really means, dividing the magnitude of 
the voltage vector by R® + zeio to get the 
magnitude of the curient vector, and decreasing 
the phase angle of the voltage vector bv an 

angle tan ^ to give the phase position of 

the new vector The advantage of keeping 
the voltage vector in its analytical form being 
that when it is operated by the impedance 
vector, the resulting current v ector is obtained 
in the analvtical form 

Example o — The current flowing through a 
circuit having only resistance 
of 4 ohms, follows the law 
is=s 70 o sin j>t, where frequency 
f = oO Find the maximum 
value, the r m s value and 
the phase angle of the voltage 
driving the above current 

Ans — The current is given by 

1 = 70 o sm pt (1) 

The impedance vector =! R q-y zero 

= 4 + y zero 


(2) 
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Therefore, the impressed voltage 

e = impedance vectoi x cuirent 
= (4 + ; zero) x i 
= (4 zero) x 70 o sin pt 

= v^4® -f zero® x 70 o sin (pt + 
tan .£!£2_) 

= 4 X 70 o sin (pt + zero ) 

= 282 sin jot (S' 

Therefore, the maximum value of the \ oltage 
= 282 Volts, 

ind the r m s value of the voltage 
= 2S2 X 707 
= 200 Volts 

The voltage is in phase with the current 
The student should note that Example 4 
and the above example are the same In the 
former, the voltage was given and the cuiient 
was to be determined, in the latter the current 
was known and the voltage was to be found 
Example 6 — The circuit contains inductance 
only = Oo henries and the 
impressed volt ige is expi essible 
by e 5= 282 sin pt, where 
frequency f = oO Find 
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(a ) maximum value o£ cuiient, 

(b) r m s value o£ current, 
and (c ) phase angle o£ current 

j^ 5 __The voltage IS given by 

e = 282 sin pt (1) 

The impedance o£ the circuit will be 

= R + 7 p L, wheie p=2'irf = 2'7r o0 = 

3 14 X 100 = 314, 

= zeio 314 X Oo 

=a zero + ^ lo 7 (2) 

There£ore, the current, flowing in the circuit. 


voltage e 

impedance zero + ; lo 7 

282 sin pt 
zero 4 - 7 lo 7 


282 

y zero^+ lo 7 


sm tan ^ 


15 7 V 
zero ^ 


_ 282 
“ lo7 


sin ( pt — tan ^ oc ) 


= 18 sin i^pt — 90 ) (3) 

There£ore, 

(a) The maximum value of cuirent = 18 

amperes 

(b) The r m 8 value o£ current = 

18 X 707 = 13 ampeies 
(e) The current lags 90 behind the voltage 
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3Lx\mpjl.e 7 — The cuiient flowing through a 

circuit posse^'Sing onlv induct 
ance o£ Oo henries is ex pie s 
ible by 1 = 18 sin (pt — 90 ), 
where frequency f = oO Find 
(a) the maximum value, 
the r m s value and 

(rj the phase angle of the impressed voltige 
Ans — The current is given bv 

1 = 18 sin ( pt— 90 ) (1) 

The impedance of the circuit 
= R + ^ p L 
5= zero + 7 314 X Oo 
= zero -j- 7 lo 7 (2) 

Therefore, the impressed voltage = 
e s= impedance x current 
=8. ( zero + 7lo7) xi 
= ( zero -f-;lo7) x IS sin v pt — 90 ) 

= V zeio -j- lo 7 Ifl C ^^t— 90 + 


zero 

= 15 7 X lb sin (pt — 90 -f- tan ) 

= 282 sin (pt — 90 -f-90 ) 

== 282 sin pt (8) 

Therefore, 

(a) the maximum value of the impressed 
voltage = 282 volts 
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(b) the r m s value = 282 x 707 

= 200 volts 

(cj the voltage is 90 in advance of the 
current lu other words, the cuirent 
IS lagging behind the impressed 
voltage by 90 

Ex 1 MPL.E 8 — A c rcuit contains capacity C 

= 60 X 10 farads The 
impressed voltage is expre«!s 
ible by e = 282 sin^it, where 
frequency f = oO Find 
( a ) the maximum v due, 

(5) the r m s value and 

(c) the phase angle of the curient flowing 

through the circuit 

Ans — The impressed voltage is given by 
e = 282 sm pt (1) 

The impedance of the circuit 


-R+; (pL -^) 


= zero + j ( zero — 



= zero + ; ( — 


1 

314 X 60 X 10-® 


) 


= zero + ^ ( — 


10 ® . 
18840 ^ 


= zero + ; ( — o3 ) 


( 2 ) 
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Therefore, the current flowing through the 

CllCUlt 

_ _ voltage __ e 

impedance impedance 

_ 282 *510 pt 

zero ; (—53 ) 

282 

zero’* -p ( — 53 )* 

sin (pt — tan ^ ) 
zero 

=“ sin (pt -p tan 

53 zero 

= 5 o2 sin (pt + 90 ) (3) 

Therefore, 

(a) the maximum value of the current 
= o 32 amperes 

(5) the r m s value of the current 
= 5 32 X 707 = 3 76 amperes 
(c) the current is 90 in ad\ance of the 
voltage 

Example 9 — A circuit contains capacity 

C = 60 X 10 farads The 
current flowing through the 
circuit la expreasible bv 
1 rs 5 32 sin (jat -p 90 ), where 
frequency f = oO Find 
(a) the maximum value, 
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{b) the r m s value, tnd 
(r) the phase ingle o£ the impiessed voltige 
4/zs — The cut lent is given by 

1 s= o 32 sin ( jtit + 90 ) ( 1) 

The impedance o£ the circuit 


= R+^(pL_^) 


zero ) (zero — 


314 X 60 X 10 


_6 


== zei o + ^ ( 


10 ^ N 

18840 


= zero ( — o3 ) (2) 

Theie£ore, the impressed voltage *101088 the 

CllCUlt 


= e = impedance vector x cut rent 
= [ zero + j ( — oS)] X 1 
= j]zeio+; ( — o3 ) ] o ->2 sin ( jt/t + 90 ) 
“ zero* + ( — o3 )* X » 


5 32 sm ( «t -p 90 + tan ^ 

zeio 


== o3 X o 32 sin ( »t + 90 — tan ^ 

zero 

== o3 X o 32 sm ( pt + 90 — 90 ) 
sa o3 X o 32 sin pt 

= 282 sin ^jt (>) 

There£ore, 

(a) the maximum v*ilue o£ the impiessed 
voltage = 282 volts 
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(b) the r m s value of the impressed 
voltage = 282 x 707 = 200 \olts 
('') the voltage is lagging 90 behind the 
curreni, , in other words, the current is 
leading the voltage by 90 




Example 10 — A circuit contains resistance =* 
4 ohms and inductance = Oo 
henries, joined in senes The 
circuit is connected across an 
alternating current mams, and 
the supply voltage is express 
ible by e = 282 sin pt, the 
frequency being oO Find 
(a) the 1 m s value and the phase angle 
of the current flowing in the circuit, 
(h) the r m s value and phase angle of 
the resistance component of the 
impressed voltage and 

(c) the r m s value and phase angle of 
the inductance component of the 
impiessed voltage 


Ans — The irapiessed voltage is given by 
e = 282 sinpt (1) 

The impedance vector of the whole circuit 
= 4 + 7 ol4 X Oo 

4 + _7 1® ^ 


( 2 ) 
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The impedance vector of resistance 
s=R-j-;pL s=4+^p zeio 
=s 4 -f ^ zero 

The impedance vector of inductance 
= B. + 7 pL =s zero + ; p x Oo 
s= zero-i- j 314 x Oo 
■= zero + lo 7 
{a) The current in the circuit 

e 282 sin pt 

^ impedance 4 + 7 15 7 

282 

y~i + lo 7® ^ 

sin (pt — tan~^ 

282 

— sm (pt — tan""^o 925) 

= 17 4 sm (pt — 7o 42 ) (5) 

Therefore, the r m s value of the current 
= 174 X 707 = 12 3 amperes, 
and the current is lagging behind the voltage 
by 75 42 The student should note 
that the presence of resistance in series 
with inductance has reduced the angle 
of lag to 7o 42 Had there been no 
resistance, the angle of lag would be 90 


(3) 

(4) 
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(b) The resistance component of the iin 
pressed voltage 

= e = impedance due to resistance x current 
= ( 4 + j zero ) X i 
= ( 4 -f- ^ zero ) x 1 7 4 
sin ( pt — 7o 42 ) 

= -v/ 4 ^ -i- zeio"* X 1 7 4 sm ( ^t — 7o 42 


+ tan”^ 


zero 

T 


) 


= 4 X 17 4 sm ( 2 >t — 75 42 + zero ) 
» 69 & sin (pt — 7o 42 ) (6) 

Therefore, the r m s value of the resistance 
component of the impressed voltage 
= 69 6 X 707 


= 49 2 volts, 

and this voltage is m phase with the current, 
but it IS lagging behind the impressed 
voltage by 7o 42 

(c) The inductance component of the im 
pressed voltage = 

Cl = impedance due to inductance x current 
= ( zero + ; lo7) x 1 

= ( zero -r_?lo7) x 174 sm ( pt— 7o 42 ) 

= zero® + 15 1 x 17 4 

sm (pt- 75 42 + tan 

^ zero 

= 15 7 X 17 4 sm (pt — 75 42 + 90 ) 
= 273 sm ( pt — 7o 42 +90 ) (7) 
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Therefoie, the r m s value of the induct 
ance component of the impressed voltage = 273 
X 707 = 193 volts, and this voltage is 90 in 
advance of the current, 14 18 in advance of 
the impressed voltage and 90 in advance of 
the resistance component of the impressed voltage 
The student should, as an exercise, assume 
that the current flowing through the circuit of 
the abo\e example is given and expie sible by 
1 = 17 4 sin (pt — 7o 42 and find out the 
r m s \alue and phase angle of the impressed 
\ oltage 

Example 11 — A ciicuit contains resistance 

= 4 ohms and capacity 
= 60 X 10 farads, joined 
m series The ciicuit is 
connected across an alter 
nating voltage supply of 
oO frequency The voltage 
is expressible by e = 282 
sin pt Find the r m s 
value and phase angle of 
the current flowing in the 
circuit, and also the r m s 
value and phase angle of 
the components of the 
impressed voltage 
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An ^ — The impressed volt ge is gueii b\ 
e = 282 sm pt (1) 

The impedance o£ the circuit 

= R+^ (pL_^) 

=54 + 7 ( P X zero ) 

— 4 + 7 ( ) 

55= 4 + ; ( — o3 ) (2) 

The impedance of the resistance portion of the 
circuit 

= R + j zero 

= 4 + ; zero (^) 

The impedance of the capacitv portion of 
the ciicuit 

aa zero + ?( — 53 ) (4) 

Therefore, 

(a) The current in the circuit will be 
given by 

impressed voltage 
^ ” impedance of the circuit 

282 am pt 
" 4+; (- oo ) 

_ 282 

4 + (— o3 ) ^ 

sm (pt — tan 
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= — — Sin (pt+tan~^ !•> ^o) 

Do 

= 5 32 sm (pt + 8o 41 ) (o) 

Therefore, the r m s value of current 
IS 5S2x 707 =376 amperes, and the cuirent 
IS So 41 in advance of the impressed voltage 
(6) The resistance component of the 
impressed voltage will be 

s= Cr = impedance due to resistance 
X current 


= ( 4 + ? zero ) x o 32 
sin ( pt + 8o 41 ) 


= 4® 4 - zero® x 5 32 


sin(pt+8o 41 -i-tan~^ ) 

= 4 X o 32 Sin (pt + 8o 41 + zero ) 
= 21 28 sin fpt^ 8o 41) (6^ 

Therefore, the r m s value of the resistance 
component=21 28 x 707=15 04 volts It is in 
phase with the current, and 8o° 41 in advance 
of the impressed voltage 

(cl The capacity component of the impressed 
voltage will be 

= Ce = imped mce due to cipacity 
X current 

= [zero+^ (— 53 ) Ixi 
= [ zero (— o3) 3x3 82 
sin ( pt + 85 41 ) 
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= zero® + ( — oH > X 5 32 

sin (pt-i-8o 41 4 -tan~^ ) 

‘ zero 

s o3 X a 32 =5in C pt+8o 41 —90 ) 

s= 282 sm (jE>t+8o 41 —90 ) (7) 

Therefore, the r m s -value of the capacity 

component of the impressed voltage 

= 282 X 707 = 200 volts 

It IS 90 lagging behind the current, and 

4 19 lagging behind the impressed voltage 

The student should dra-w, on a vector diagrim, 

current and \oltages of the above problem, and 

study and think out for himself as to -vvhy 

they differ m phase angles It may be pointed 

out here that the irapiessed voltage and the 

capacity component of the nnpres'^ed voltage are 

shoivn above to be equal in magnitude, ^\hlle 

the resistance component of the impressed voltage 

IS 21 28 volts maximum value This is due to 

the fact that the resistance component of the 

impressed voltage is verv small compared -with 

the capacity component, and the two being 90 

apart in phase position, their resultant, z e the 

impressed voltage equals, for all practical pur 

poses, the capacity component The student 

should work out the same exercise giving a higher 

value to the resistance, and he would then get 
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‘x greater diffeience in the magnitudes o£ the 
irapies<!ed \oltage and its capacity component 
Evamile 12 — circuit contains lesiotance 



= 4 ohms, inductance = Oo 
heniies, and capacity = 60 
X 10 farads, joined in senes 
1 he circuit is connected acred's 
an alternating voltage supply 
which lb expressible by e «= 
282 sin pt, where frequency 
f = dO Find the r m s 


\alue and phase angle of the 
current flowing in the circuit 
and also the r m s value 
and phase angle of the com 
ponents of the impressed 
voltage 

— The impressed voltage is given by 
e = 282 sin ^t (1) 

The impedance of the whole circuit 


= R + ; (p L 




= 4-1-; ( 314 X Oa— 


314x60x10 


= 4-h;(157-o3> 
= 4 +^(- 373 ) 


( 2 ) 
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The impedance due to resistance 
= R + ; zero 

=» 4 +j zero (3) 

The impedance due to inductance 
= zeio + ; p L 

= zero 15 7 (4) 

The impedance due to capacity 


== zero + 7 (zero — - ^— ) 

P ^ 

= zeio + 7 ( — o3 ) 

Therefore, 

(<*) The current flowing in the circuit 

impressed voltage 


(^) 




impedance ot the circuit 

e 282 sin pt 


4+^ (-37 3) 4+7 (-37 3) 

282 

4" + ( — o7 3 ) ^ 


sin ( pt — tan 


_i — 3" 3 


4 


) 


28 > 


= in ( pt + tan 9 3 ) 

= 7 oSsin (pt + 83° 10 ) (6) 

Therefore, the r m s value of the 
current 
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= 756x 707 = 5 3o amperes, and 
the current is 83® 10 in advance 
o£ the impressed voltage 
(5) The resistance component o£ the im 
pressed volt-ige 

= e = impedance due to resistance 
X current 

= ( 4 zero ) x 7 56 x 
«sm (pt 4* 83® 10 ) 

= 4® -t- zero^ x 7 56 

sm (pt+S3 10 +tan~^ 

= 4 X 7 56 sm ( jJt + 83 10 4- zero) 
= 30 24 sm ( pt + 83 10 ) (7) 

Therefore, the r m s value of the resist 
ance component of the impressed voltage = 30 24 
X 707 *= 21 38 volts It is m phase with the 
current, and 83 10 in advance of the impressed 
voltage 

(e) The inductance component of the 
impressed voltage = 

Cl** impedance due to inductance 
X current 

= {zero4-^ lo 7 ) x 7 o6 
sin (pt + 83 10 ) 

=» >/ zero® + (lo 7/ x 7 56 sin ( pt 

4-83 10 + tan — ) 

zero 
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= lo 7 X 7 56 sin ( pt + 83 10 + 
90 ) 

= 118 7sm(pt+83 10+90 ) (8) 

Therefore, the r m s value of the inductance 
component of the impressed voltage =* 118 7 x 
707 = 83 92 volts It is 90 in advance of the 
current 

(d) The capacity component of the impressed 
voltage = 

Ce = impedance due to capacity x current 
= [ zero + 7 ( -* 53 ) ] x 7 o6 sm ( pt + 
8:> 10 ) 

= zero* + ( — 53 )* x 7 o6 sin (pt 

- - 53 . 

83 10 + tan ) 

zero 

= 53 X 7 o6 sin (pt +83 10 — tan“^oe) 
s=s 400 7 sm (pt + 83 10 — 90 ) 

= 400 7 sm (pt + 83 10 — 90 ) (9) 

Therefore, the r m s value of the capacity 
component of the impressed voltage = 400 7 x 
707 = 283 3 volts, and the voltage is 90 lag 
ging behind the current 

The student should study very carefully the 
results of the above problem He should draw 
the current and voltages on a vector diagram 
He will note that the capacity component of 
the impressed voltage is in opposition to the 
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inductance component Theiefoie their resultant 
•will be the arithmetic diffeience of the two, 
and "Will « 400 7 — 118 7 = 282 volts maximum 
This IS 90 out of phase with the resistance 
component and therefore the final resultant^ t e , 
the impressed voltage will be obtained bj 
adding the two geometncally The impressed 
\oItage == -s/SO 24 + 282 = approximately 283 

■volts This should have been 282 volts , but the 
slight difference is due to the fact that in working 
out the above example we have utilized the 
Slide Biule considerablv The ob 3 ect of the above 
example was to illustrate the application of the 
symbolic method The student should work out 
himself the above example and find out very 
accurately the values of current and voltage 
components He should then draw the results 
on a vector diagram and study the diagram 
very critically so as to be able to form a 
clear mental picture of the behaviour of current 
and voltages 

Example 13 — A circuit contains resistance = 

4 ohms, inductance =» Oo hen 
ries, and capacity ==» 60 x lO"® 
farads, joined in series An 
alternating voltage of oO 
frequency is applied across the 
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ciicmt The ennent flowing 
thzough the circuit 1*5 exppe«>«i 
ib’e h\ 

1 = 7 06 sm (j!?t + S i If ■) ( 1 ) 

Find the r m s ^^ilue ind phisse untjle o£ 
the mipiessed ^oIt'lsre 

A 71 S — The irapednnce o£ the w h de circi it 
= B. + , (pZ - 
= 44-^(1o 7 — oo) 

= 4 + 7 ( - 37 -5) (2) 

Theiefoie, the impressed volt'ige 
e = impedance x cm rent 

_r4 + ;(-37o;] X 1 

s=[4+; ( — 37o)3x7o6 in ( pt + 

S-. 10 ) 

= v^4+(' — 37 o 7 x7ob li ^t + 

8-> 10 + tan~^ — - — j 

4 

s= ^^ 4 -* j- 37 o® X 7 iG «iin f pt S3 10 

-tm-^ 9 3 ) 

= 37 3 X 7 06 sm ( pt + 83 10 - S3 10 ) 
= 29^ sin pt (3) 

Therefore, the r m s value of the impressed 
voltage = 282 x 707 = 200 volt*, and it 1 * lag 
ging 83 10 behind the current 
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j^Exaaiple 14 — A circuit comprises two branch 

cii cults a and h joined in 
par ill el The branch circuit a 
possesses resistance = 4 ohms, 
and the branch circuit b con 
tains inductance = Oo heniie** 
An alternating voltage o£ oO 
frequency and expressible by 
e = -'82 sin jot is applied across 
the circuit Find the r m s 
\alue and the phase angle of 
the mam current and branch 



current" 

4.XS — The impressed voltage = 
e s= 282 sm jot 

The impedance of branch circuit a 
=» R + j zero 
= 4 + 7 zero 

The impedance of branch circuit b 
= zero + j 
= zero + 7 3 14 X Oo 
= zeio lo 7 

The impedance of the whole circuit 


^ ^ R + ; zero ^ zero + 7 jo L ^ 


( 1 ) 

( 2 ) 

( 3 ) 


[ zero + ? jO L + R + 7 zero ~j 
( R + 7 zero ) ( zero + j p J 
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«= 1 r R + ; ( zero -{- L ) -j 
L ( R Jr 3 zero ) ( zero + j jo L ) J 

( R ^ zero ) ( zero JrlV L ) 

R+;i>L 

( 4 + ; zero ) ( zero + ? lo 7 ) 

4 + ? lo 7 ^ ^ 

Having found the symbolic expressions for 
various impedances, the determination of the 
various currents is a simple matter and will be 
as follows — 

(a) The main curient = 

1 — impressed voltage 
impedance ot the circuit 

282 sin pt 

( 4 + j zero) (zero lo < ) 

T+jlPf 

(4+j Io7) 

^ ,.T, - 

( 4 + ^ zero ) ( zero 4- j 1 o 7 ) 

282 sm pt 

^ y^4° 4-15 7 ^ 

-v/i + zero ^ v^zero + 15 7* 

282 sin ( pt 4- tan~^— 


- Zero , 

tan — - — — tan~^ 


zero 
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16 2 

= X 282 Mn ( wt t 3 92 

4x10/ ^ 

~ zeio — 90 ) 

= 72 7 bin (^;t + 7o 42 - 90 ; 

= 72 l^\n( 2^^ - 14 IS ) (:>) 

Tbeicfoie, the i m s value o£ the maiu 
cunent is 72 7 X 707 = ol 4 ampeies, and it 
IS approximately 14 18 lagging behind the nn 
pi esbed voltage 

(b) The currents in the bianch ciicuits 
The student should woik out, is 
-in exeicise, the r m s value and 
phase angle o£ currents in the bi anch 
cii cults 

Ex\mpi.e lo — A ciicuit comprises two bianch 

cii cults a and b, joined iii 
parillel The brinch circuit 
n po sesses lesistance = 4 ohms, 
ind the bianch circuit b con 
tains capacitv != 60 x 10“® 
faiads An altei nating \ oltage 
expiessible by e «= 282 bin pt, 
and having a £requency of oO 
cvcles per second, is applied 
across the ciicuit Find the 
r m s value and the phase 
angle o£ the mam current, and 
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Oso the 1 in s value ind 
phi e angle of curient-s in 
bi n ich circuits 

4ns — The impica ed \olttge la gi'^en by 
e = 2^2 '5111 jL»t (1) 

The imped ince of the bi inch circuit a 
=r H + ; zeio 

s= 4 ; zeio (2) 

The impedance of the bi inch circuit b 

= zero + j ( ol4 X 60 X Kl-» ^ 

= zero + j ( —oj ) (3) 

The impedance of the whole circuit 


= 1 


4- 


J ] 

■J (-0 )-' 


4 4- / zeio zero + 

zero + j(— o ) -r ^ -r j zero I 
( 4 + j zero ) [ zei o +j — o )]- 


( 4 + j zero ) [ zei o + i ( — ^ ) ] 
zero +j ( — ^ J zeio 


(4 4- j zeio ) [ zero + j ( — 'j )] 

= *+,(-= , 

Having determined the sivmbolic expre ions 
for the impedances, the r m a value and 
phase ingle of various currents will be found 
as follows — 
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(a) The mam current 

impre<=s<^ed voltage 

impedance ot the circuit 

8 282 sm pt — 

( 4 zero ) [ zero + ; ( — . 53 ) ] 
4 (— o3 ) 

_ [4 + ;(-o^)] ^ 

(4+; zero ) [zero + j (— 53 ) j 

282 sm pt 

a/42+X~o3)® 

-/ 4*+2ero®X'^ zero®-i* (-— o3)® 

282 sm (pt+tan“^ 

—tan — tan JT-jL. ) 

* zero 


*= ^ X 282 sm (pt— tan~^ 13 25 

— zero + 90 ) 

== 70 o sm (pt — 8o 40 + 90 ) 

=* 70 o sm (pt 4- 4 20 ) (o^ 

Therefore, the r m s value of the mam 
current 70 o x 707 = 49 8o amperes, and the 
current is 4 20 m advance of the impressed 
voltage 
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(6) It IS left to the student to work out 
the r m s value and phase angle 
of currents in branch circuits 
Example 16 — A circuit contains branch cir 

cults b, and c 3 omed in 
parallel The branch circuit 
a possesses resistance =* 4 ohms, 
the branch circuit b contains 
inductance = Oo henries, and 
the branch circuit c contains 
capacity = 60 X 10 farads 
An alternating voltage expressible bv e = 
282 sm pt and having a frequency of 50 cycles 
per second is applied across the circuit Find 
the r ra s value and the pha>5e angle of the 
main current 

— The voltage is given by 

e as 282 sin jyt (1) 

The impedance of the whole circuit 


= 1 

» 1 

= 1 


^ 1 ^ 1 ^ 1 7 

j zero zero +j3*o i zero+j ( — o3)5 
167x(-.>3)+; 4 X (-0 )+j (4xlo7) ) 

( (4 + j zero) (zero + j lo ■") E zero j (— o«») ] J 

i 15 7 X 5^4 7 

(. (4+j zero) (zero + j lo 7) [ zero+ j ( —56 ) ] 5 




15 7 X 58 + j ( - 212 + 62 8 ) 

(4 + j zero) (zero-i- J 15 7) £ zero + 1 (— 53 )] 


12S 
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( 4 + j zero ) C zei o + j lo " ) r zei o -¥3 (— 5 ®)] 

““ 1 + j ( -14a 

(2) 


Iheiefore, the mam cm rent 


impressed \o Itag e 
” ““ impedance o£ the circuit 

ss-* 1 + j ( -- 149 2) 

(4: ¥ 3 zero) (zero 4-7 15 7; [zero4-j (— 53 ) ] 
X 2S2 sin pt 

y/s 21 -f-f - 14J > ) ~ 

v^4 4- zero^x^/ zero 4 - lo7 ^ zeio 4- ( 

„ ^ , —149 2 , zero 

X 282 sm (jt?t + tan“^ ■ -- — tan 


tan~^ 


15 7 


zero 

84o 

4 X lo 7 X 53 
— zeio 


— tan~^ 

zero 

X 2S2 sm ( p>t — tan“^ 
-90 + 90 1 


179 


= X 282 sin (pt - 10 10 ) 

= 716 sin (pt — 10 10 ) (3^ 

Theiefore, the 1 m s value of the mam 
current = 71 6 x 707 = oO 62 ampeies and it is 
lagging 10 10 behind the impressed voltage 

Alternative Solution ““ We can solve the 
above problem by simplifying the symbolic ex 
pression for the impedance of the whole circuit 
as follows — 
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The volt-ige is gi\en by e = 282 sin pt (1] 
The impedance of the circuit 

Cl 1 1 

^ 1 _ \ + f. 

1 4 + j zero zero + j 15 7 zero + j ( — 53) 
= 1 - ^ ^ 15 7 + y (—53) ] 

“ 1 — [ 5 + lo 7 + (—00)1 

= 1 - [i -^( 0636) +^( 01884) 3 
= 1 - [i+;( - 0448o)] 


2o + 7 (— 0448o) 

Therefore, the main current 

impiessed voltage ^ r 3 ^ 0448o)1 

impedance 

X 282 sin pt 

= n/ 2o® + ( — 0448o ) X 282 sm ( pt + 

, — 0448 a 


= 2o4 X 282 ( pt — tan“^ 1794) 

Bs 71 6 sin ^ pt — 10 10 ) (3) 

Therefore, the i m s value of main 

current = 71 6 x 707 = 50 fo2 amperes and it is 
laooina: 10 10 behind the impressed voltage 

The student is advised to work out the 
r m s value and phase angle of currents in 
branch circuits 
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Ex VMPLE 17 A 



ciicuit comprises tvro branch 
circuits a and h joined in 
pai illel and connected across an 
alternating voltige supply ex 
piessible by e = sin pt, 
■ft here p = 2 x 50 The 
brinch circuit a contains re 
sistance *= 4 ohms and nduct 
ance = Oo heniies joined in 
senes The bi inch circuit h 
possesses only cipacity = 60 x 
10~® firads Find the r m s 
■value and phase angle of mam 
cm rent 


Ansiter — The impressed voltage is gi^ven by 

e = 282 sin pt ( 1 ) 

The impedance of the whole arcuit 


= 1 


C_JL_ 

h + ;pL"^ 


1 

zero + 7 ( 


I 




= 1 


1 1 ■> 

4 + ; 1 o 7 zero + 7 ( — 53)3 

/ 

i+ji-S-S) -I I 

(4 lo 7) [zero +; ( -53)]) ^ 


f 4 + y lo 7 ) f zero + 7 ( ^ 53 ) 1 
4 + j (*- 37S) 


( 2 ) 
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Theiefore, the mam cnirent 


_ impressed voltage 
impedance of the circuit 

4: ( — 37 S ) 


(4+jl5 7)[ zero +j ( — Oo ) ] 


282 sin pt 


4 ) 


v^4 +rio7) X^zero +(-53) 
282 sin. pt + tan ^ 


— 37 3 T 7 

-tan-^ 


, _i — o3 . 
-- tan ) 


zero 


= ^ X 282 sin (pt - tan "9 32 -tan 

16 ^ X o8 


— 1 


3 92 + tan“^ oc ) 

= 12 3 sin (pt — 83 oO — 7o 40 + 90 ) 

= 12 3 sin (pt — 69 30 ) C*^) 

Therefore, the r m s value of main current 
= 12 3 X 707 = 8 696 ampeies and it is 69 30 
lagging behind the impre sed voltage 
Example 18 A ciicuit comprises two branch 

cii cults CL and b joined in 
parallel The branch circuit 
a possesses resistance = 4 ohms 
and capacity = 60 x 10“® faiads 
joined in series, and the branch 
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4 .rt — ^ circuit b possesses only in 

ductance = Oo henries An 

^_/yvrvT^‘ ^ alternating voltage expressible 

"^5 by e =s 282 sin pt, where £ = 

oO, is applied across the circuit 
Find the r m s value and 
phase angle o£ main current 
Atiswer — The impressed voltage is given by 

e s= 282 sm pt (1) 

The impedance of the whole ciicuit 

^ ( zero +jpL ) ] 

- I ^ 1 1 'I 

i,i +j (—58) zero + j 15 7 5 

^ j __ C ^+^(-, 873) > 

i [4 +j (- 58)] X (zero 157 5 

_ [^ + J (— 58 ) ] ( zero + j lo 7) 

4+j(-S78) ^ ^ 

Therefore, the mam current 

impressed voltage 
impedance 

4+j(- 873) 

= X 282 sm »t 

[4 + j ( — 53 )3 ( zero + j 15 7) 


18 7 X 53 


X 282 sin ( pt + tan~^ 


-87 8 


- 53 ^ ,15 7 

tan — 7 ~ — tan 

4 zero 



NUMERICAL EXAMPLES 


133 


= 12 7 sm [pt — tan~^ 9 32 -{- tan“^ 13 2o — 
tan“^oc ] 

= 12 7 sm [pt — 83 oO + 8o 40 — 90 ] 

= 12 7 sm [jot - 88 10 ] (3) 

Therefore, the r m s value of mam current 
= 12 7 X 707 = 8 97 amperes, and it is 
lagging 88 10 behind the impressed 
voltage 

Example 19 A circuit comprises two branch 

circuits a and h joined m 


parallel 


The branch circuit 



a contains only resistance = 
4 ohms, and the branch circuit 
h possesses mductance =» Oo 
henries and capacity = 60 x 
10“® farads, joined m senes 
The circuit is connected across 


an alternating voltage express 
ible by e = 282 sm pt, where 
frequency = 50 Find the r 
m s value and phase angle 
of the mam current 


Answer — The impressed voltage is given by 

e — 282 sm pt (1) 

The impedance of the whole circuit 
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1 

» I 


U +j: 


zero zero 4- ^ ( lo 7 — 53 ) 

+ 


_ ^ ^ 

(.4 + j zero zero t-j ( — 37 8)3 

1 - I— 1 ( 

t ( 4 + j zero > [ zero + ;( — 37 4)] 3 


[zero + 

Therefore, the mam current 

impressed voltage 
impedance 

4 + j 37 3 

( 4 + ^ zero ) [ zero + ^( — 37 «;] 


X 282 sin pt 


J7 D 


4 X 3^ 3 


X 282 sin ( pt + tan 


— 1 


— 37 3 


, zero -1-^7 3 

tan — r- — tan ^ ) 


4 zero 

= 70 9 sin (pt — tan~^ 9 32 — zero + tan~^ oc ) 
= 70 9 'sm { pt — S3 oO +90 ) 


= 70 9 'sm (pt + 6 10 ) 1^3) 

Therefore, the r m s value of mam 
current =s 709 x 707 = oOl ampeies and it is 
6 10 in advance of the impressed Tioltage 
Example 20 A circuit compiises two branch 

circuits a and h joined m 
parallel The branch circuit 
a contains resistance = 4 ohms 
and inductance *= Oo henries 
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joined in serieb, and the branch 
circuit b pos«;esses resistance 
4 ohms and capacity = 60 x 
1 0~® farads* joined in ®eries 
The circuit is connected across 
an alternating \ oltage express 
ible by e B= 282 sin pt, irhere 
frequency = oO Find the r 
m s value of main current 


and its phase angle 

Ansiier — The impressed ^ oltage is given by 

e = 282 sm pt (1) 

The impedance of the whole circuit 


[r H-^pL*^ R + j( — -^) ^ 

1 4 + ; lo 7 4 + ] (-o3) I 

C 8-l-?(l-37 3) 

((4-f ;lo7) ['4+ 


^ (4 + ; 15 7) [4 + ;(~oS)1 
8 h-ji(_37o) 

Therefore, the main current 
impressed voltage 
impedance 


s + ; f - ^7 31 
(4+;lo 7) [4 +;( - 03)] 


X 282 ‘«m pt 
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S8 1 

16 2 X 53 
16 7 


X 282 sin (pt — tan“'‘ 


87 3 
8 


— tan ^ 


-58 

4 ~ 


) 


— tan~^ 


s=5 12 5 sin (pt — tan~^ 4 66 — tan ^ 3 92 + 
tan~^ 13 2o ) 

= 12 5 sin ( pt - 77 50 - 7o 40 + 85 40 ) 
= 12 o sin (pt _ 67 50 ) (3) 

Therefore, the r m s value of main current 
= 12 5 X 707 *= 8 83 amperes and it is 67 oO 
lagging behind the impressed voltage 
Example 21 A circuit, contnning resistance, 

inductance and capacity, arranged 
as shown in the diagram of 
Fig 18, comprises two circuits 
P M and M N joined in series 


R 
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The circuit P M ib made up 
o£ two branch circuits 30 ined 
in parallel, one containing le 
sistance = 4 ohms and the other 
containing inductance a® Oo hen 
lies The circuit "VI N has in 
ductance *= Oo henries and re 
distance = 4 ohms 3 oined in 
series An alternating > oltage 
e = 282 sin pt, and having a 
frequency of oO cycles per 
second, is applied across the 
ciicuit P X Find 

(a) the r m s \alue and pha«-e angle of 

mam current 

(b) the r m s -value of currents in branch 

cii cults of P 

Atisuer — (a) The impressed voltage 

e = 282 sin pt ( 1) 

The impedance of the whole circuit 



( R + ^ zero ) ( zei o + 

( B + j pL ) 

^ +?pL I _j_ 

t R 4- zero ) ( zero + ; pL ) j 

( B + ; pL ) 
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= R+^pL 

K + j p iu ^ 

— hr, 


Rp»L 2 


7 R p L 


R+pL R+pL 


+ R + ; p L 


-r4i 4xlo7 16xlo7 . 

==v^ + -72 — . + ) 

F+ lo 7 ^ ^ ^ lb 4- io 7 ^ 

*=*r 44-37 ')6)4.;(1 o74- 9o6) 

= 7 7o6 4._; 16 6o6 (2; 

Therefore, the main current 

_ impre«=ise^ voltag e 

impedance ot the %\ hole circuit 

_ 282 sin pt 

7 7ob -1- j 16 6ob 

^^1 7ob 4- lb 6o6 ~7 7^6 ^ 


18 38 


sin ( pt ~ tan-^ 2 14) 


= lo 3o 'Sin (^t — 6a ) 

Therefore, the r m e value of main current 
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= lo 3o X 707 == 10 So ampeies and it is 
6o lagging behind the impressed voltage 
(b) In oidei to find the currents in brnnch 
circuits of P M, it IS necess iry to know the 
component, of the impressed voltage, acrosss P M 
The voltage across P M 

= impedance of P M x main cui rent 
But, the impedance of P M 

1 1 ^ 

“ ^ ^ R H- 7 zero zero -i- j p L 

s- ?^pT^ 

“ R +jph 

_ ^ RpL ('R--;pL^ 

“(R +;pL) (R L) 

_ ; R® L — R L® 

—J P L 

_ R L 4- 7 R p L 
K +}} L® 

4 X lo 7 4 X lo 7 

“ 4 ® + lo 7 ^ 4 + lo 7 


aa 3 7o6 + j 9o6 (4) 

Theiefore, the voltage across P M 

= impedance of P M x main current 
= ( 3 7o6 +7 9o6 ) X 15 3o sin (pt — 6o ) 
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= v^o 7 + 9ob 


tan~^ 


9o6 
3 7o6 


X lo 3o sin (pt — 6o + 

) 


«= 3 88 X lo 3o in ( pt — 6o + 14 11 ) 

= o9 o sm ( j!?t — oO 49 ) (o) 

We can. now determine the currents in 
branch circuits o£ P M as follow=i — 

The current in the resi'jtance bianch o£ the 
circuit P M 


voltage across P M 

impedance o£ the resistance branch 

_ ^ sin ( pt — oO 49 ) 

K + y zero 

_ o9 o sin ( yt — 50 49 ) 

4 + 7 zero 

= /T 2 — ' — Sin ( pt — oO 49 — tan""’^ — — ) 
v4^+zeio 4 

s= 14 9 sin ( 2 ?t — oO 49 — zero ) 

= 14 9 sm (pt — oO 49 ) (6) 

Similarly, the cuirent in the inductance branch 
of the circuit P M 

voltage across P M 

impedance of the inductance branch 

59 o «iin ( pt — 50 49 ) 

zero + ; 

_ o9 5 sin ( pt — 50 49 ) 
zero + ; 1 5 7 



fpt — oO 49 — tan~^ — 

zen 

9 -90 ) 0 

o£ branch currents 
X 707 and S 8 x 70 
amperes re-spectively 



oo 

II 



ct 

C 

2 


tn 






o 

rv 

Ui. 


II 


II 
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air'ingement o£ a number of resistances, in 
ductances and condenser& The magnitudes of 
these are given in the diagrim An alternating 
voltage of oOO volts having a frequency of oO 
IS applied across the extreme terminals P and 
N The problem is to determine the voltage 
components, main current, branch currents, and 
their respective phase positions 

(Note — The values in the above example have 
been horroued fiom ALFRED HAY'bi AL 
TERNATTNG CDRRENTS^' page 21 22, where 
it has been solved analytically We shall, houever, 
solve it by means of the symbolic method ) 

Ansiter — Before we proceed to solve the 
problem, the attention of the student may be 
drawn to the value of the voltage given above 
Since nothing is specified, we take it that the 
voltage ref ei red to above is the r m s value 
Therefore, if we want to retain the scientific 
character of our woik we shall express the 
given voltage by an equation such as 

e — E sin pt 



= 707 sin pt (l)j 

where 707 is the maximum value and 500 
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IS the r m s value o£ the applied voltage 
sine wave 

We should first find the impedances o£ the 
various circuits as £oUows — • 

( 2 ) impedance o£ branch a o£ circuit P M 

“ - 314 X 40 X 10-” 


= 20 - ^ 79 6 (2) 

(72) impedance o£ branch h o£ circuit P M 
= R 

= 10 + 7 314 X 12 

= 10 + 7 37 68 (o) 

{iii) joint impedance o£ the whole ciicuit P M 

_ ( 20 - 7 79 6 ) ( 10 + 7 37 68 ) 

20 + 10 ( 37 68 - 79 6 ) 

( 20 -7 79 6 )( 10 +7 37 68 ) 

30 - 7 41 92 


= 86 7 -f. 7 19 99 (4) 

{iv) impedance o£ the branch a o£ circuit M IT 

1 


zero + 7 


-pC 


-zero+; _3i^ x 10 x O P 


= zero — j 318 


( 5 ) 
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(t) irape'^ance o£ bianch b o£ circuit M N 
« K + ;^ L 
= 10 + 7 ^ 05 

= 10 + 7 ^ C®) 

(?;^) impedance o£ branch c o£ circuit M N 
“ R- + ^ ( pL ^ ) 

= 8 + ; (814 X 2 “314 X 80 X lO”® ^ 

= 8 + 7 23 (7) 

(viz) 3oint impedance o£ circuit M N 

(zero - 7 318) (10 + 7 1 o 7 ) (8 + 7 23) 

~ (zero— J318)(10-J-;13 /)4.(ze o— j 318j(8 +523) 4 . (10+jl5 7){8 +j d) 
113 8 +^ 89 38 
“12 02o - JO 368 

( 113 8 + j 89 38 ) ( 12 025 + j 5 868 ) 

“ ( 12 02o - 7 o 368 ) ( 12 02o + j o 368) 

= o 1 + j 9 69 (8) 

The joint imped mce o£ circuit M N can 
also be worked out in a much simpler way a®* 
follows — 

admittance o£ branch a of circuit M N 
1 

=* „ Qib “ zero + 7 00314, 

zero — 7 olo ' ’ 

admittance of branch b of circuit M N 

°r o +)lo - 7 = “289 _ ; 0454, 
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•admittance of branch ( of circuit M N 
8 + j 23 ^ 

joint admittance of ciicuit M N = 0424 •— j 0809 

joint impedance of M N 042 i — j 0809 

04 24 + 3 0809 
“ ( 0424)" + ( 0809 

o 1 7 9 69 (8) 

(viii) the impedance of the whole ciicuit P N 

= joint impedance of P M + joint imped mce 
of M K 

= 36 7 + 7 49 99 + o 1 + ; 9 69 
=» 41 8 + 7 o9 6S (9) 

Having found the symbolic exp e'ssions for 
the impedances of all the ciicuits, the determi 
nation of currents and ^oltagres, entering into 
the problem, becomes quite a 'simple matter 
It will be woiked out as follows — 

(A) Mam curient 

_ voltage across P N 
impedance of P N 

707 sin p t 

“41 8 + y 59 68 

/T — Sin (pt — tan""^ . . ■ ) 

v' 41 8® -i- 59 68® 418"^ 
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“ "778" — 142) 

« 9 72 sm ( pt — oo ) (10) 

Therefoie, the r m s value of the mam curient 
= 9 72 X 707 t=» 6 87 amperes, 
and It lags 5o behind the applied voltage 
{B) Voltage component across P M. 

=» mam current x joint impedance of P M 
= 9 72 sin ('pt — oo ) X (367+^ 49 99) 
es 9 72 X Vob 7^ + 49 99^ sm ( />t — oo + 


- 49 99 

sTT 


) 


= 602 6 sm ( pt — 55 + 53 45 ) (11) 

Theiefore, the r m s value of the voltage com 
poneut across P M 
= 602 6 X 707 = 426 volts 
and it IS o3 4o m advance of the mam current and 
1 lo lagging behind the impressed voltage 
iC) Voltage component across M N 

= mam current x joint impedance of M N 
= 9 72 “,in (pt — oo ) X (51+^9 69 ) 

— 9 X >/o + 9 69* sm f pt — 5o + 


e= 106 sin ( pt — 5o +62 15 ) (12) 

Therefore, the r m s value of the voltage com 
ponent across M N 
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= 106 X 707 = 7o \oIts, 

•ind it IS 62 15 in advance of the mam current 
and 6 4o in advance of the impressed \oltage 
It IS about 8 in advance of the voltage component 
acioss P M 

(^D) Cuirent in branch a of circuit P M 

= voltage across PM— imped ince of the 
branch circuit 


__ 602 6 sin ( ;Dt — 1 lo > 

20 79 6 

60^ 6 , ^ -79r^ 

= -7======== Sin ( pt — 1 lo —tan ^ — jtt ^ 

+ 74 6* -'j 

« 7 28 sin (pt— 1 lo + 7o oO ) (lo) 

Therefore, the r m s value of current in 
branch a of circuit P M 
= 7 28 X 707 =a o lo amperes, 
and it is 7o oO in advance of the -voltage acroas 
P M 

{E) Current in bianch h of circuit P M 

= voltage across PM — impedance of branch h 

60^ 6 sin ( pt — 1 15 ) 

™ 10 ) 67 bt> 


60 ’ 6 

ylo 68® 


sin ( 2rt — 1 15 — tan""^ 


10 ^ 


= 15 41 sin ('pt— 1 15 — 75 5^ 


(W 
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Theiefore, the r m value o£ cut rent in 
brincti b o£ circuit PM! = lo41 x 707 = 109 
amperes, and itis 7o o lagging behind the voltage 
across P M 

(-P) Cuirent in bianch a o£ circuit M N 

= voltage icross MN — imped ince o£ the 
blanch circuit 

= 106 sm [ pt 4 - 6 4o ] — [ zero — ; o 1 8 ] 

106 r o . , -*518, 

= •' 7 = — — sm I »t + 6 4') — tin~ 

v^zero + ol 8 ^ zeio-* 

= 833 sin [pt-p G 4o + tan~^ oc ] 

= 3o-) bin [pt 4- 6 4o + 90 3 

Therefoie, tho i m s value o£ curient i 

blanch ciiciiit a of M N = :>'>3 x 707 = 2 ->'> 

amperes and it it* 90 m advance o£ the voltage 

across M N" 

[6^3 Current in branch b of cucuit M IST 

= voltage across M N — impedance of the 
branch circuit 

= 106 sin [pt 4 - 6 4o 3 “ L 4 - 7 15 7 3 
106 15 7 

” /To^TTST + 6 lu-] 

= D 7 sm [pt 4 - 6 45 — o7 30 J [16 j 

Theiefore, the r ra s value of current in branch 
h of circuit M liT = a 7 X 707 = 4 03 amperes 
and It iso 7 30 lagging behind the voltage across 
M2C 
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[fl] Current in branch c o£ circuit M N 

» voltage across M ¥ - impedance of the 
blanch circuit 

= 106 sin [ pt + 6 4o ] - [ 8 +; 23 ] 

106 

= 43bsin[pt + 6 4o -70 4a ] [17] 

Therefore, the r m s value of current in 
branch c of circuit M N = 4 36 x 707 =» 3 08 
amperes and it IS 70 4o lagging behind the voltage 
across M¥ 

We can now summaiise, in a tabular form, 
the above results as follows ■— 


23 


sin[pt+ 6 45 -tan~^-^] 
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Item 

No 

Particulars 

1 

Analytical 

expression 

Maxi 

mum 

value 

1 

Impressed voltage 

e = 707 sin pt 

707 

A 

Mam current 

1 =»9 72 sin {i?t 
-55 ) 

97 

B 

Voltage across P M 

e = 602 6 sin ( y t 
-1 15 ) 

602 6 

O 

Voltage across M N 

e = 106 sm ( pt 
+ 6 45 ) 

106 

D 

Current in branch o 
of circuit P M 

1 =7 28 sin (pt 
+ 74 35 ) 

7 28 

m 

Current in branch h 
of circuit P M 

1 =15 41 sin (i>t 
“76 20 ) 

15 41 

F 

Current in branch a 
of circuit M N 

1 = 333 sin (pt 
+ 6 45 +90 ) 

333 

G 

Current in branch b 
of circuit M N 

1=57 sin ( pt 
-50 45 ) 

57 

H 

Current m branch c 
of circmt M N 

1 

1 

1 

i 

1 =4 36 sm (pt 
-64 ) 

4 36 
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RMS 

value 

Phase aDgle 
uith respect 
to standard 
veotoi of 
lefeieuce 

Phase angle 
with lespect 
to voltage 
acioss P M 

Phase angle 
with lespect 
to voltage 
across M N 

500 

Zero 

— 

— 

6 87 


— 

— 

426 

Lagsl 15 

— 


75 

Leads 6 45 

— 


5 15 


Leads 

75 50 


10 9 


Lags 75 5 


235 


— 

Leads 90 

4 03 


— 

Lags 

57 30 

3 08 

1 


— 

Lags 

70 45 


Remarks 


The impressed 
voltage ii> our 
standard vec 
tor of refer 
enoe lying m 
positive hori 
zontal direc 
tion 
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A glance at the values given in the foregoing 
table will show that 

arithmetic sum of voltages across 
P M and. M iNT is nearly equal to 
the impressed voltage Such a 
lesult IS purely accidental and is 
due to very small diflEerence in the 
respective phase positions 
Although the main curient is 6 87 
ampeies, the current in one of the 
branch circuits is 10 9 amperes 
Further, the arithmetic sum of branch 
currents of either of PM or of 
M N IS greater than the main current 
The student should think out foi himself as 
to why the current in a branch circuit is con 
siderably greater than the main current, and 
the arithmetic sum of the branch cui rents of 
either PM or M N is gi eater than the mam 
current 
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